


BARBARA BALL
& DEREK BALL

11[!~lllllllr~l~lr!II\I\1~I
N26920



Thomas Nelson and Sons Ltd
Nelson House Mayfield Road
Walton-on-Thames Surrey
KTI25PL UK

51 York Place
Edinburgh
EHI3JD UK

Thomas Nelson (Hong Kong) Ltd
Toppan Building 10fF
22A Westlands Road
Quarry Bay Hong Kong

Thomas Nelson Australia
I02 Dodds Street
South Melbourne
Victoria 3205
Australia

Nelson Canada
I I20 Birchmount Road
Scarborough Ontario
M IK 5G4 Canada

© Barbara Ball and Derek Ball 1991

First published by Thomas Nelson and Sons Ltd 1991

ISBN 0--17-431 147-8
NPN 987654321

All rights reserved. No paragraph of this publication may be reproduced, copied or transmitted save with
written permission or in accordance with the provisions of the Copyright, Design and Patents Act I988,
or under the terms of any licence permitting limited copying issued by the Copyright Licensing Agency,
90 Tottenham Court Road, London W IP 9HE.

Any person who does any unauthorised act in relation to this publication may be liable to criminal
prosecution and civil claims for damages.

Printed in Hong Kong



CONTENTS
INTRODUCTION

I How the course is organised
2 The teacher's role
3 How to use the introductory activities
4 How to use the sections of questions
5 How to use the Further Coursework Tasks
6 How to use the Review Exercises
7 Recording and assessment
8 Matching this course to the National Curriculum
9 Equipment and resources

10 Computers and graphical calculators

4

Task Maths Software for Key Stage 4 21
Guide to chapter 14:TABLE GAMES 22
Guide to chapter 15:COLOURINGS 32
Guide to chapter 16:EVERY PICTURE TELLS A STORY 44
Guide to chapter 17:MANAGING THE FUTURE 54
Guide to chapter 18:EQUABLE SHAPES 64
Guide to chapter 19:DISSECTING CUBES 72
Answers to Review Exercises C 84
Guide to chapter 20: REPEATING PATIERNS 92
Guide to chapter 2 I: HOW DO YOU DECIDEl 102
Guide to chapter 22: KNOWING WHERE YOU ARE 108
Guide to chapter 23: WHAT DO YOU BELIEVEl 122
Guide to chapter 24: TELLING THE COMPUTER WHAT TO DRAW 130
Guide to chapter 25: GETTING THE MOST OUT OF LIFE 140
Answers to Review Exercises D 151
Running the computer programs 156



Using and
applying mathematics

Facilitate Motivates
and enable and requires

4

Knowledge and
skills in mathematics

INTRODUCTION
I HOW THE COURSE ISORGANISED

ng and applying mathematics, as represented in Attainment Tar:gets'Jan~>9and the
associated elements of the programmes of study, should stretch ac,,[,OSS~nd permeate all
other work in mathematics, providing both the means to, and theratibnal,e for, the
progressive development of knowledge, skills and understanding of,mathematics.

(National Mathe Curriculum, Non-S~gtlltQry Guidance, D

The National Curriculum requires that mathematical knowledge, skills and
understanding are learned in contexts in which they can be used. Attainment
Target 1 is concerned with using and applying mathematics, and the other four
attainment targets specify the knowledge, skills and understanding to be used
and applied. One way ofpicturing the relationship between these is shown in the
diagram.

Task Maths translates this ideal into practice, by providing 25 tasks within
which students are able to use and apply all the mathematical knowledge, skills
and understanding relevant to Key Stage 4 ofthe National Curriculum.

Task Maths provides one set ofbooks which is suitable for all students. There
are not different tracks for students judged to be at different levels ofability. This
is closely in line with National Curriculum thinking and means that premature
judgements about the final achievements of students donot need to be made. The
student's books for this course are written so as to be manageable by students
working at Level 4 and yet they make demands on students working at level 10.
The way in which this happens is outlined in later sections ofthis introduction
and explained clearly throughout this teacher's resource book.

The course consists of25 chapters. Each chapter introduces a task by means of
an introductory activity. There follow two or more sections, containing questions
which develop the task, while at the same time they focus on specific
mathematical content or skills. At the end ofeach chapter there are a number of
Further Coursework Tasks (FCTs). By choosing to tackle one ofthese ,a student
will have the opportunity to explore further the task for the chapter (and to
develop some coursework).

In addition to 25 chapters the course contains four sets ofReview Exercises,
organised by topic, to provide consolidation and practice. At the end ofeach book
there is an information section.

The course assumes that calculators are constantly available to students, who
can make use ofthem whenever they feel this is appropriate. The course also
makes frequent references to the use ofcomputers and graphical calculators, and
students who are able to use computers and graphical calculators in the ways
described will gain maximum benefit from the course. The computer symbol is
used to indicate that a particular question or coursework task requires the use of
a computer or graphical calculator.

2 THE TEACHER'S ROLE

Task Maths is not a 'teach-yourself' course. Although all the key skills and
concepts are explained in the student's books, the teacher is still needed to
support students' work and to give help in response to their individual needs.
There might be occasions when you want to explain methods to the whole class,
but most of the time you are likely to be responding to particular students'
problems as they arise while working on the task.

The Non-Statutory Guidance for the National Mathematics Curriculum
strongly advocates that students should be encouraged to develop their own
methods for doing mathematics. For this reason Task Maths offers explanations



Levels of difficulty
Accessible to
all students
(no bars)

Somewhat
harder
(one bar)-

More
difficult
(two bars) =

of words and concepts, but not detailed explanations of methods. This leaves
students free to develop their own methods and you free to explain the methods
which students find easiest to use.

When students use Task Maths your role as the teacher is crucial. You know
best what difficulties your students are experiencing, and can provide the
appropriate detailed explanations which are required to fit in with the way a
particular student is thinking.

The structure of Task Maths encourages students to make demands on
themselves mathematically. You might want to see your role as supporting
students to the extent that is necessary, whilst at the same time encouraging
them to become as self-reliant as possible.

3 HOW TO USETHE INTRODUCTORY ACTIVITIES

Each chapter has an introductory activity. Its purpose is to introduce the
task for the chapter. The introductory activity is suitable for students of all
levels of ability. One way of starting most introductory activities is by
means of a class discussion.

Introductory activities vary in length. You might only want to spend part
of a lesson on some; others are more substantial, and you might find it
appropriate on occasions to develop an introductory activity into an
extended piece of work.

4 HOW TO USE THE SECTIONS OF QUESTIONS

Each chapter has several sections of questions, labelled A, B, C etc. These
questions develop further the task which was begun through the
introductory activity.

One function of the questions is to ensure that students cover a range of
statements of attainment whilst working on the task for the chapter. But,
although they ensure that the syllabus is covered, the questions are not dull
and repetitive; instead they provide insights into the ways of developing
work on the task. (Consolidation and practice, where required, are provided
by the Review Exercises, as described in a subsequent section.)

The questions are of variable length. While one question might be
straightforward and take little time to complete, the following question
might involve a significant amount of exploration. Students should be
made aware of this, so that they have appropriate expectations. Some of the
more substantial questions, or groups of questions, can be used as starting
points for extended pieces of work.

The questions are also of variable difficulty. Those which are unmarked
can be managed by nearly all students working at Key Stage 4; those which
are marked with a single bar are somewhat harder and should be
appropriate for students working at about level 7 or higher; those which are
marked with a double bar are more difficult still and some of them are very
challenging indeed.

You might wish to decide which questions are tackled by each of your
students. Alternatively, you might sometimes want students to determine
the appropriate level of challenge for themselves. Some students might
persist in tackling questions which are too hard. Some students,
particularly if they are anxious about not over-reaching themselves, might
need to be encouraged to omit easier questions and tackle harder ones.
However, it needs to be made clear that the unmarked questions should not
necessarily be omitted by more able students, because some of these
questions stimulate interest by the ways in which they develop work on the
task for the chapter.

Sometimes boxes appear within the sections of questions. Some of these
are information boxes which help the student with a new word or concept,
or explain a method or technique. Some boxes are advice boxes which suggest to
the student how one, or more, questions might be tackled. Some boxes are

5
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referral boxes, which direct the student to the information pages at the back of
the book, or to a particular Review Exercise, in case further practice is required.

The computer symbol is used to indicate at a glance questions which
require, or would be enhanced by, the use of a computer or graphical
calculator. When students are invited to write a computer program to help
answer a question, examples of suitable programs are provided within this
teacher's resource book.

5 HOW TO USE THE FURTHER COURSEWORK TASKS

Each chapter concludes with several Further Coursework Tasks. These provide
students with ideas for developing work already done on the task for the chapter,
into an extended piece of work.

This teacher's resource book provides you with ideas about how each Further
Coursework Task might be tackled. It is important that these ideas should be
treated as illustrations only: the vast majority of Further Coursework Tasks can
be responded to in a great variety of different ways and each student should be
encouraged to be as imaginative as possible when deciding how to tackle the task
presented.

The guides to the chapters provide you with advice concerning the levels of
difficulties of the Further Coursework Tasks. Some tasks are described as
neutral. These are suitable for students of all abilities, because the task is such
that any student can produce work which indicates his or her level of
achievement. Tasks which are not as suitable for students of all abilities are
described either as 'easier' or as 'more difficult'. 'Easier' tasks are unlikely to
provide the students working at the highest levels with sufficient opportunity to
demonstrate their strengths. 'More difficult' tasks are likely to be inaccessible to
some students. The computer symbol is used to indicate at a glance Further
Coursework Tasks which require, or would be enhanced by, the use ofa computer
or graphical calculator. When students are invited to write a computer program
to help with a Further Coursework Task, examples of suitable programs are
provided within the teacher's resource book.

6 HOW TO USE THE REVIEW EXERCISES

Review Exercises are organised according to National Curriculum topics. Each
exercise contains a set of questions, either taken from GCSE examination papers
or of a similar type, which provide students with consolidation and practice. You
might want to use questions from the Review Exercises when setting homework.

Sometimes information boxes appear within a Review Exercise. The purpose
of these is the same as that of the information boxes appearing in the sections of
questions.

Because chapters are not organised according to syllabus topics, several
Review Exercises are usually linked to one chapter, and one Review Exercise is
usually linked to several chapters. The links between chapters and Review
Exercises are explained clearly in the guides to chapters in this teacher's
resource book.

7 RECORDING AND ASSESSMENT

Recording and assessment are discussed here in general terms; more detailed
advice is provided in the teacher's guide to each chapter.

The following section, which explains in detail the match between Task Maths
and the National Curriculum will make it relatively easy for you to record your
teacher assessment of each of your students.

It is difficult to provide this match in detail with respect to Target 1.
Instead, illustrations of students' work are provided in the teacher's guide to
each chapter. The students' work was produced in response to Further



Coursework Tasks, and demonstrates students' achievement ofparticular
statements ofattainment in target 1.The secret is to learn to use the statements
in this target creatively. The examples ofstudents' work have been chosen to
show that the statements ofattainment in this target can be interpreted in
different ways to suit different contexts.

It is helpful, both to you and to your students, to make all your criteria for
assessment, and particularly your criteria for assessing Target 1, explicit to your
students. You might find it helpful to provide your students with simplified
versions ofthe statements ofattainment in target 1, and ofany criteria produced
by examination boards.

There is a cross-curricular aspect to the National Curriculum. Students might
demonstrate some statements ofattainment, particularly in Target 5,when
working in other curricular areas. Youmight want to liaise with teachers of
other subjects to avoid unnecessary duplication. It should be noted that some of
the Further Coursework Tasks in Task Maths are essentially cross-curricular,
and students tackling them might be able to satisfy attainment targets in
science, history, geography or technology, for example, as well as in
mathematics.

8 MATCHING THIS COURSE TO THE NATIONAL CURRICULUM

The Teacher's Resource Bookuses the revised attainment targets published in
May 1991. The charts in this section will be useful for Book4 also.

As already stated, the chapters in Task Maths present tasks, and each chapter
thus relates to several different National Curriculum attainment targets. Most
statements ofattainment appear in several different chapters. This type of
approach is advocated by the Non-Statutory Guidance, which advises you not to
work with students at one level at a time, or on only one attainment target at a
time.

A~t~inme:rt;i~~g~tsl anCl9differ from the other targets not only irfthe ~atterswhich
they:c~v1r.~ut in their relationship with other targets. As a consequence of the
irite~action between learning and using mathematics. work related to Attainment
1flrgets I and 9 cannot be tackled in isolation from the rest of the programmes of study.
S!rnila~ly.work related to Attainment Targets 2-8 and 10-14 cannot be satisfactorily
pursued independently from that related to Attainment Targets I and 9.

(Noh-Statutory Guidance D 1.5 1989)

Consequently, all levels ofTarget 1are integrated into every chapter ofTask
Maths.

The charts in this section show the correspondence between National
Curriculum statements ofattainment and chapters ofthis book.The example
below explains how these charts are organised.

BOOK 4- CHAPTER.2

I NTFWI)UCTI ON TO TI-/E
,RsK AND SECTION A

8001(4-
CH/1PiER. qI LEVEL I

\
5

NATIONAL CURRICULUM

bz understanding and using simple
formulae or equations
expressed in symbolic form.

2IT, 2A, 2B, 3C, 9B
A6,B18,B25
18A, 18B, 18C, 19B
C32, C37, C39

REVIEW
EXEt<C/SES
IN BOOK 1-

REVIEW
EX{;t<C(SE5
IN 8001( 5"

CHAPTE/?S AND
R.ELEVANT SECTIONS

/rv' /3001( 5"

7



Attainment Target 2:Nurnber
Pupils should understand and use number including estimation and approximation and interpret results.

Level
Programmes

of study Task Maths

4 ~ reading, writing and ordering whole numbers.

a2 knowing multiplication facts up to 10 x 10 and
- using them in multiplication and division

problems.

a3 adding and subtracting mentally two 2-digit
- numbers.

a4 adding mentally several single-digit numbers.

as adding and subtracting two 3-digit numbers,
- without a calculator.

a6 multiplying and dividing 2-digit numbers by a
- single-digit number, without a calculator.

a7 estimating and approximating to check the
- validity of addition and subtraction calculations.

as solving addition and subtraction problems using
- numbers with no more than 2 decimal places, and

multiplication and division problems starting
with whole numbers.

b I understanding and using the effect of
- multiplying whole numbers by10 or 100.

bz understanding and using the relationship
- between place values in whole numbers.
£!.. recognising and understanding simple fractions.

C2 using, with understanding, decimal notation to 2
- decimal places in the context of measurement.
C3 recognising and understanding simple
- percentages.

d I reading calculator displays to the nearest whole
- number and knowing how to interpret results

which have rounding errors.

dz solving addition and subtraction problems using
- numbers with no more than 2 decimal places, and

multiplication and division problems starting
with whole numbers.

e I making sensible estimates of a range of measures
- in relation to everyday objects.

e2 understanding the relationship between units.

3IT, 3A, 7IT, 7A
Ai,A4
21A,25B

1B, 2A, 3IT, 3A, 11A
A9
18IT, 18A, 18C, 24B, 25B
3A, 11A, lID
Ai,A8
3A
Ai
11A, lID
Ai,A8
3A, 3B, 11A, lID
Ai
3A,5A, lID

3C
A9
18IT, 18A, 18B, 18C, 25A, 25B

3C
A4,A9,B16
3IT, 3A, 5A, 11A
Ai

5A, 13IT, 13A, 13D,
14A, 14B, 16IT, 16A, 19A, 19B, 21A, 23B
C27

5IT, 5A, 7A, 7B, 7C, 9A
A9
9C
B16
5A, 9B, 9C, 12A, 13B
Ai,A3
18A, 18B, 18C
5B, 7A, 7C
A9
18A, 18B, 18C, 21A, 21B, 25A, 25B

5IT, 5A, 5B, 9IT, 9A, 12IT, 12A
B15
20IT, 20A, 25IT

5A, 5B, 9IT, 9A, 9B, 12A, 12C
A8,B15,B19
18B

8



5 a I understanding and using non-calculator methods
- by which a 3-digit number is multiplied by a

2-digit number and a 3-digit number is divided
by a 2-digit number.

a2 multiplying and dividing mentally single-digit
- multiples ofpowers of 10with whole number

answers.

b I calculating fractions and percentages of
- quantities using a calculator where necessary.

b2 using unitary ratios.

b 3 understanding the notion of scale in maps and
- drawings.

f!. using 'trial and improvement' methods.

C2 approximating, using significant figures or
- decimal places.

d I using Imperial units still in daily use and
- knowing their rough metric equivalents.

d2 converting one metric unit to another.

d3 using negative numbers in context.

d4 using index notation to express powers ofwhole
- numbers.

3A,3B
Al

3IT,3C

5A, 5B, 9C, 13IT, 13A, 13D
B16
16A, 17A, 23B
C27

5IT, 5A, 12IT, 12B
A7,B23
17A, 22IT, 22A, 23C
C35

5IT, 5A, 12IT, 12A, 12B
A7,B23
22IT, 22A, 23C
D44

1B, lID
18A, 18B, 18C, 19B, 25A

2C, 5A, 9A, 9B, 9C, 10C, 10E, 12A, 12B, 12C
A3
18A, 18B, 18C, 21A
9IT, 9A, 12A, 12B
A8,B15,B19
18B
D42

5IT, 5A, 9A, 9B
B15,B19
23C
12B,
B24
16B,24B

3B
A4,B24
C36

6 a I reading, writing and ordering decimals and
- appreciating place values.

7IT, 7A, 7C, 9A, 11A
23C
C27

a2 working out fractional and percentage changes. 5B, 9C, 12A
B16
17A
C36

a3 calculating using ratios in a variety of situations. 5A,9C
B15
17A, 21A, 22A
C34

9



b I understanding and using equivalence of
- fractions and ratios and relating these to

decimals and percentages.

bz converting fractions to decimals and percentages
- and finding one number as a percentage of

another.

C using estimation and approximation to check
- that answers to multiplication and division

problems involving whole numbers are ofthe
right order.

d I recognising that measurement is approximate
- and choosing the degree ofaccuracy appropriate

for a particular purpose.
dz understanding and using compound measures,
- egospeed, density.

5A, 6C, 8C, 13B
B16
14A, 14B, 15C, 16IT, 16A, 17A, 21A
C27,C34
5A, 7C, 13B
B16
15C, 21A, 23C
C27
5A,5B
17A, 17B, 25A

5IT, 5A, 7IT, 7B, 7C, 9IT, 9A, 12C
B15
17A, 17B, 18B, 23C, 25IT
9B, 9C, 12IT, 12A, 12B, 12C
A8,B19,B20
17A,17B
C35,D42

7 a multiplying and dividing mentally single-digit
- multiples of any power of10, realising that

with a number less than 1multiplication has a
decreasing effect and division an increasing
effect.

b I solving problems using multiplication and
- division with numbers of any size.

b2 expressing positive integers as a product of
primes.

bs using the memory and bracket facilities ofa
- calculator to plan a calculation and evaluate

expressions.
C recognising that a measurement expressed to a
- given unit is in possible error ofhalf a unit.

31T, 3A, 9A, 9B, lID
25B

5A, 5B, 7B, 7C, 13C
B16
17A, 17B, 18A, 18B, 18C, 19B, 23C, 25A

3B
A4
25B
lID
17B
C32
7A

8 a I using index notations to represent powers and
- roots.

a2 expressing and using numbers in standard index
- form, with positive and negative integer powers

of10.

b I substituting negative numbers into formulae
- involving addition, subtraction, multiplication

and division.
b2 calculating with fractions.

C estimating and approximating to check that the
- results of calculations are ofthe right order.

3A
17B
C36
13C
B24
17B,23C
C36
2A,11G
C43

13IT, 13A, 13D
14A, 14B, 16A, 23A
C27
9A,9B,12C
17A, 17B, 18A, 18B, 18C,23C,25A

10



9 a distinguishing between rational and irrational
- numbers.

b aware ofupper and lower bounds ofnumbers
- expressed to a given degree ofaccuracy.

l3B
B24

7A,9C
l7A, l7B, 23C

lOa I calculating the upper and lower bounds in the
- addition, subtraction, multiplication and

division ofnumbers expressed to a given degree
ofaccuracy.

a2 determining the possible effects oferror on
- calculations involving measurements.

7A

7C
l7B

Attainment Target 3:Algebra
Pupils should recognise and use symbolic and graphical representation to express relationships.

Level
Programmes

of study Task Maths

4 al generalising, mainly in words, patterns which
- arise in various situations, egosymmetry of

results.

a2 applying strategies such as doubling and halving
to explore properties ofnumbers including
equivalence offractions.

a3 recognising that multiplication and division are
inverse operations and using this to check
calculations.

b understanding and using simple formulae or
equations expressed in words.

C knowing the conventions ofthe coordinate
- representation ofpoints; working with

coordinates in the first quadrant.

3IT, 4IT, 4A, l3B
l5A, l5B, l5C

3IT, 3A, 3B, 3C, 8IT, llA, l3IT, l3A, l3B, 24A

llA, lID
B25

3C,9B
A6,B18

2C, 4B, lOA, lOB
D42

5 ~ generating sequences.

a2 recognising patterns in numbers through spatial
- arrangements.

a3 understanding and using terms such as 'prime',
- 'square', 'cube', 'square root', 'cube root',

'multiple' and 'factor'.
Q.! expressing simple functions symbolically.

bz understanding and using simple formulae or
- equations expressed in symbolic form.

4IT,4A,13E
A5,B25

3B,4IT,4A
A4,A5,A6
l5C,16A

3A, 3B, 8A, lOA, llA
A4
l5B,15C
lIT, lB, 2A, 2B, 4A, 6B, llF
A6
l5A, l5B, l5C, l8A, l8B, l8C, 19B
2IT, 2A, 2B, 3C, 9B
A6,B18,B25
l8A, l8B, l8C, 19B
C32, C37, C39

II



b3 understanding and using coordinates in all four 2C
quadrants. 24A,25B

D43

6 ~ using spreadsheets or other computer facilities to 11H
explore number patterns. 18A, 18B, 25A, 25B

a2 determining possible rules for generating 4IT,4A
sequences. A5,A6

~ solving linear equations; solving simple 3C, 4A, 6B, lIE, 11G
polynomial equations by 'trial and improvement' B25
methods. 15C, 18A, 18B, 19B

C37,C38

~ using and plotting Cartesian coordinates to 4B
represent simple mappings. 16B

D43

7 ~ using symbolic notation to express the rules of 4A
sequences. A6

15C

a2 exploring complex number patterns generated by 13B
a computer. 18A, 18B,25A, 25B

a3 using the rules of indices for positive integer 17B
values. C36

a4 understanding the meaning ofreciprocals and 13B
exploring relationships. 17B

C35, C36

Q! solving simple inequalities on a number line. lIE
22A,23B
D48

b2 solving a range ofpolynomial equations by 'trial 13E
and improvement' methods. B25

16B,18B
C38

b3 using algebraic methods to solve simultaneous 6B,11H
linear equations in two variables. B25

18C
C37

b4 drawing and interpreting the graphs oflinear 4B,6A,12C
- functions and using graphical methods to solve 15C, 16B,20A

simultaneous linear equations. C37, D42, D43

bs generating various types ofgraphs on a computer 4B
or calculator and interpreting them. 15C, 16B, 25B

8 ~ manipulating simple algebraic expressions. 11F,13E
15A, 15B, 16B, 18C
C32, C38, C39, D52

a2 understanding and using a range offormulae and 9B,
functions. 18B,22B, 25A

C32,C39

12



a3 understanding the relationship between powers
and roots. .

Q! solving a variety oflinear and other inequalities.

b2 using straight line graphs to locate regions given
by linear inequalities.

£!. knowing the form ofgraphs ofsimple functions,
egoquadratic, cubic, reciprocal.

C2 understanding the role of a counter-example in
the context of rules for sequences and in
disproving hypotheses.

8B
15C,17B
C36

11G
22A,23B
D48

23B
D48

6A
16B, 17B, 18A, 25B
41T, 4A, nrr, 11A, lID, lIE, 11F, 11G, 11H,
111
15C

9 !!.. expressing general laws in symbolic form. 17B
C35

a2 interpreting and using m and c iny = mx + C. 4B
16B
D43

a3 using rules of indices for negative and fractional 17B
- values. C36

Q! solving equations using graphical methods. 16B
D43

bz calculating growth and decay rates and 17B
- displaying them graphically. C36

C constructing tangents to graphs to determine the 12C
- gradient. B20

D42

10 a using a calculator or computer to investigate
- whether a sequence given iteratively converges

or diverges.

b manipulating a range ofalgebraic expressions in
- a variety ofcontexts.

C finding the approximate area between a curve
- and the horizontal axis between two limits, and

interpreting the result.
d sketching the graph offunctions derived from
- other functions, eg.y = {(x - a),y = {(kx),

y = {(x) + a from the graph ofy = {(x) for different
values ofa and k.

13E
B25
16B
C38

11F, 111, 13E
16B, 18A, 18C, 25B
C32, C38, C39,D52

12C
B20

16B

13



Attainment Target 4:Shape and space
Pupils should recognise and use the properties of two and three dimensional shapesand use

measurement, location and transformation in the study of space.

Level
Programmes

of study

4

Task Maths

a I constructing simple 2-D and 3-D shapes from
- given information and knowing associated

language.

a2 understanding congruence ofsimple shapes.

a3 understanding and using language associated
- with angle.

b specifying location by means ofcoordinates in the
- first quadrant and by means ofangle and

distance.

C recognising rotational symmetry.

Q.! finding perimeters ofsimple shapes.

dz finding areas by counting squares, and volumes
- by counting cubes.

8IT, IIC, IIF
A7
19IT, 19A, 22IT, 22A, 22B, 24IT, 24A
C40

6C
All
15IT, 15B, 16IT, 16A, 19A, 22A, 24IT
C31JC40

6A,6B,6C
A7JABJA10
20B, 22IT, 22A, 22B, 24IT, 24A, 24B
C31

2C, 12B
All
22IT,22A
C44

lA, 2B, 6IT, 6D
A2
15IT, 15A, 15B, 16IT, 20B, 22A, 22B, 24IT
C31

18A, 18C

lIT, IB, 8IT, 8A, IOIT, 13A
A13JB26
15C, 16IT, 16A, 18IT, 18A, 18C, 23B
C40

5 a measuring and drawing angles to the nearest
- degree.

b I explaining and using properties associated with
- intersecting and parallel lines and triangles and

knowing associated language.

b2 identifying the symmetries ofvarious shapes.

f! using networks to solve problems.

C2 specifying location by means ofcoordinates in
- four quadrants.

14

12B
A7JB23
19IT, 19A, 21A, 22A
D44

6C
A10
20B, 22A, 22B, 24A
C31

lA, 2B, 6IT, 6D, lIB, IIJ, 11K, 13IT
A2
19IT, 19A, 19B, 22B
12B
14B
C29

2C
A13
24A,24B
D49JD51



d I finding areas and perimeters ofplane figures
- including circles.

d2 finding volumes ofregular solids.

5A, 8IT, 8A, 8D, 10IT, lOA
A13,B26
16IT, 16A, 18A, 18B, 18C, 23B, 25A
1B,9B
A13,B26
19B,22B
C40

6 a recognising and using common 2-D
- representation of3-D objects.

Q! reflecting simple shapes in a mirror line.

bz enlarging a shape by a whole number scale
- factor.

b3 classifying and defining types ofquadrilaterals.

b4 knowing and using angle and symmetry
- properties ofquadrilaterals and other polygons.

bs using computers to generate and transform 2-D
- shapes.

bs devising instructions for a computer to produce
- desired shapes and paths.

C understanding and using bearings to define
- directions.

lIT, lA, 4A, 4B
15C, 19IT, 19A, 19B, 22B
C40

6D
All
24B
D49,D51

8C
All
24B
D47,D49

6C, 8IT, 11B, 11J, 11K
24A,25A
C31

2IT, 2B, 6IT, 6A, 6B, 6C, 6D, 8IT, 8C, 8D, 11B,
11J, 11K, 13IT, 13A

A2,A10,A14
15A, 15B, 16IT, 16A, 20B, 22A, 24IT, 24A, 25A
C31

6IT, 6A, 6B
24A,24B

6A,13E
24A
12B
B23
C44

7 ~ using coordinates to locate position in 3-D.

b determining the locus ofan objectmoving subject
- to a rule.

c understanding and applying Pythagoras'
- theorem.

d I using knowledge and skills in length, area and
- volume to carry out calculations in plane and

solid shapes.

d2 enlarging a shape by a fractional scale factor.

10FCT
D51

20B, 22IT, 22A, 22B
C44

10IT, lOA, lOB, 10C, 10D
B21,B23
16A, 18B, 18C, 19B, 20B, 24A, 25A, 25B
C40, C41,D46,D50

8D, 9B, 10IT, lOA
A13,A14
16IT, 16A, 18A, 18B, 18C, 19B, 20B, 22B, 23B,
25A
C40,D44

8C
All
D47,D49
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8 a understanding and using mathematical
- similarity; knowing that angles remain

unchanged and corresponding sides are in the
same ratio.

b using sine, cosine and tangent in right-angled
- triangles, in 2-D.

8C,8E,12B
All
16A,23B
C3l,D46,D47

2C, 10E, 12B
A14,B2l,B23
20A, 20B, 24A, 25A, 25B
C40, C4l,D50

18B
D52

8E,10D
B22
24A,24B
D49,D5l

C I distinguishing between formulae for perimeter,
- area and volume by considering dimensions.
C2 understanding and using vector notation.

9 a I calculating distances and angles in solids using
- plane sections and trigonometric ratios.

a2 understanding the conditions for congruent
- triangles.

a3 understanding and using the relationship
- between surface areas ofsimilar figures and

volumes of similar 3-D solids.
a4 calculating lengths ofcircular arcs and areas of
- shapes whose perimeters include circular arcs;

calculating surface area ofcylinders and volumes
ofcones and spheres.

b understanding and using the laws of addition and
subtraction ofvectors.

19B,22B
C40,C4l

24A,24FCT
C3l,C40

16A,23B
D47

9B
B26
16A, 18B, 20B, 22B, 25A
D46

8E
B22
24B
D5l

20A,20B
C43

16B, 20A, 20B
C43

16B, 20A, 20B
C43

f..!. finding sine, cosine and tangent ofangles of any
SIze.

C2 sketching the graphs ofsine, cosine and tangent
- functions for all angles.

C3 generating trigonometric functions using a
- calculator or computer and interpreting them.

lOa I knowing and using angle and tangent properties
- ofcircles.

16A,20B, 22A, 24A
C44,D46

a2 using sine and cosine rules to solve problems lOA
- including simple cases in 3-D. 24A

D50

a3 understanding how transformations are related 24B
- by combinations and inverses. D49

a4 using matrices to define transformations in 2-D. 24B
D49

16



Attainment Target 5:Handling data
Pupils should collect, process and interpret data and should understand and find probabilities.

Level
Programmes

of study Task Maths

4 !... interrogating data in a computer database. 7C
21FCT,23FCT

Q.! specifying an issue for which data are needed. 21B

b2 collecting, grouping and ordering discrete data 7IT, 7B, 7C
using tallying methods with suitable equal class 21IT,21B
intervals and creating a frequency table for
grouped data.

b 3 constructing and interpreting bar-line and line 7A,7B
graphs and frequency diagrams with suitable A12
class intervals for discrete variables. 17A, 20A, 21IT

C42

b4 creating a decision tree-diagram with questions 14B
to sort and identify a collection ofobjects. C29

f...... understanding, calculating and using the mean 7A,7C
and range ofa set ofdata. A12

21B
C45

.Q.!. giving and justifying subjective estimates of llIT
probabilities. 14IT, 17IT, 23A

d2 understanding and using the probability scale llIT
from 0 to 1. 14A, 14B, 23A

C28

d3 listing all the possible outcomes ofan event. 14A, 14B, 23A
C28,C30

5 !... inserting and interrogating data in a computer 7C
database and drawing conclusions. 21FCT,23FCT

Q.! designing and using an observation sheet to 21B,23IT
collect data; collating and analysing results.

b2 collecting, ordering and grouping continuous 7A,7B
data using equal class intervals and creating A12
frequency tables. 21IT,21A

9. constructing and interpreting pie charts from a 17A,17B,21A
collection ofdata with a fewvariables. D45

C2 constructing and interpreting conversion graphs. 12A,12B
B19
D42

C3 constructing and interpreting frequency 7A
diagrams and choosing class intervals for a A12
continuous variable. 21A

D45

d I knowing that different outcomes may result from llIT
- repeating an experiment. 14IT, 14A, 23IT, 23A

17



dz distinguishing between estimates of
- probabilities based on statistical evidence and

those based on assumptions ofsymmetry.

d3 knowing that if each ofn events is assumed to be
- equally likely, the probability ofone occuring is k.

14A, 23A, 23B, 23C

6

14A, 14B, 23A
C28

a I specifying an issue forwhich data are needed; 21B
- designing and using observation sheets to collect

data; collating and analysing results.

a2 designing and using a questionnaire to survey
opinion (taking account ofbias) collating and
analysing results.

b I creating scatter graphs for discrete and
- continuous variables and having a basic

understanding ofcorrelation.

bz constructing and interpreting information
- through two-way tables and network diagrams.

C identifying all the outcomes when dealing with
- two combined events which are independent

using diagrammatic, tabular or other forms.
d knowing that the total sum ofthe probabilities of

mutually exclusive events is 1 and that the
probability ofsomething happening is 1minus
the probability of it not happening.

21B

7B
A12

12B
B17
23C
C29,C30

14A, 14B, 23A, 23B
C28,C30

7B
14A, 14B, 23A, 23B
C28

7 a I specifying a simple hypothesis; designing and
- using an appropriate questionnaire to test it;

collecting and analysing results to see whether a
hypothesis is valid.

a2 using and recording grouped data with class
- intervals suitably defined; producing a frequency

table; calculating the mean using a calculator.
a3 finding the mean, median, mode and range ofa
- frequency distribution for given sets ofdata and

interpreting the results.
a4 drawing a frequency graph polygon as a line
- graph from a frequency distribution for grouped

data; making comparisons between two
frequency distributions.

as constructing and interpreting flowdiagrams
- with and without loops.

a6 drawing a line of 'best fit' by inspection on a
- scatter diagram.

b I understanding and using relative frequency as
- an estimate ofprobability.

bz appreciating, when assigning probabilities, that
- relative frequency and equally likely

considerations may not be appropriate and
'subjective' estimates ofprobability have to be
made.

18
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7A,7B
23C
C45

7A,7B
23C
C45

21A

3A,13E
B17,B25
C29

7B
A12

7B
14A, 17IT, 23C
14IT



£..- understanding and applying the addition of 14B,23A, 23B
probabilities for mutually exclusive events. C28

8 ~ designing and using a questionnaire with 21B
multiple responses, collating and analysing
results to test a hypothesis.

Q.!. constructing a cumulative frequency table. 7B
A12

b2 constructing a cumulative frequency curve using 7B
the upper boundary ofthe class interval, finding A12
the median, upper quartile, lower quartile and D45
inter-quartile range, and interpreting the
results.

f.!.. understanding that when dealing with two 14A, 14B, 23A
independent events, the probability ofthem both C28
happening is less than the probability ofeither of
them happening (unless the probability is 0 or 1).

C2 calculating the probability ofa combined event 14B,23A
given the probability oftwo independent events C28
and illustrating combined probabilities of
several events using tabulation or tree-
diagrams.

9 ~ constructing and interpreting a histogram with 21A
understanding ofthe connection between area
and frequency.

a2 presenting a set ofcomplex data in a simplified 21IT
form using a variety ofdiagrams and graphs and
computer statistical packages.

~ using sampling to investigate a 'population' and 21B,23C
recognising the reliability ofdifferent sizes of
samples.

£..- producing a tree-diagram to illustrate the 14B,23A
combined probability ofseveral events which are C28
not independent.

10 ~ describing the dispersion ofa set ofdata; 7A
calculating standard deviation ofa set ofdata. 21A

a2 considering different shapes ofhistograms 21A
representing distributions with special reference
to mean and dispersion, including the normal
distribution.

~ interpreting various types ofdiagrams such as 23B
those used in analysis ofcritical path and linear C29,D48
programming.

£..- understanding the probability for any two events 23A
happening. C28

19
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9 EQUIPMENT AND RESOURCES

We are assuming that the
following items of equipment
are always available to all students:

rulers
protractors
compasses
scissors
glue

scientific calculator
lined paper
centimetre squared paper
7 millimetre squared paper
graph paper

From time to time students require access to a computer. A disk of
programs that can be run on the makes ofcomputer commonly found in
classrooms is available from the publisher (see the following section).

When other equipment is needed for a chapter, this will be clearly
indicated in the guide for that chapter.

10 COMPUTERSANDGRAPHICALCALCULATORS

The use of computer programs is suggested in many places in the student's books.
Many of these references are to one offive computer programs on a disk

specially prepared for Task Maths. This disk is available from the publishers and
runs on several different types ofcomputer (see order form). The five programs
are 'Recurring decimals', 'Circle patterns', 'Spread', 'Tilekit' and 'Estimating
time'. Notes on running these five programs are provided in the section called
'Running the computer programs' on page 156.

There are also references in the course to other programs. Graph-plotting
programs are mentioned several times. New graph-plotting programs are
constantly being published; many teachers already have their favourites. Our
suggestions are 'FGP' for the BBC, 'FGP' or 'Omnigraph' for the Nimbus and
'Mouse plotter' for the Archimedes (see below for addresses). The use ofdatabases
and spreadsheets are suggested on several occasions. Currently there is no ideal
spreadsheet for the secondary mathematics classroom. We suggest the use of the
database program, 'Pinpoint' (see below for address). Ask your IT specialist for
advice about the software used in your school. 'Spread' is not a proper
spreadsheet but is suitable for use on most of the occasions in this course when a
spreadsheet is suggested. The program 'Digame' is suggested for Chapter 14 and
the 'ATM Logo microworlds' disk is suggested for a Further Coursework Task in
Chapter 22. 'Geomat' or 'Moues' is useful for Chapter 24.

Logo is mentioned on several occasions in the book and some familiarity with
the language is assumed. It would be helpful if students have access to a
computer with Logo, while undertaking work on questions involving Logo.
There are a few instances where it is suggested that writing and using a short
program in Logo or BASIC might help students to complete the task. Examples
of suitable programs are provided either in the student's book or in this teacher's
resource book.

Throughout the book graphical calculators are suggested as an alternative to
graph-plotting programs. It is worth remembering that graphical calculators are
useful for a lot more thanjust drawing graphs. For example, they are often far
more convenient than 'ordinary' calculators for a variety of situations concerned
with trial and improvement.

'FGP' and 'Moues' are available as part of 'SLIMWAM l' from ATM,
7 Shaftesbury Street, Derby DE3 8YB.

'Digame' is available as part of'SLIMWAM 2' from ATM.
'ATM Logo micro worlds' is published by ATM.
'Omnigraph' and 'Geomat' are marketed by SPA, PO Box 59, Leamington Spa,

Warwicks CV213QA.
'Mouse plotter' is published by Shell Centre, University ofNottingham,

University Park, Nottingham.
'Pinpoint' is published by Logotron.
Longman Logotron, 124 Cambridge Science Park, Milton Road, Cambridge

CB44ZS.



TASKMATHSSOFTWAREFORKEYSTAGE4
A software disk is available that contains five programs for use with Task
Maths 4 and Task Maths 5. The programs are as follows:

CIRCLE PATTERNS

This program draws the patterns obtained by numbering equally-spaced dots
around the circumference of a circle, and then joining them according to an
algebraic rule. A printer dump is provided for the BBC and Archimedes
versions.

11;;1&'.)
This program allows the user to set up a table ofnumbers on the computer's
screen. It has some ofthe characteristics ofa spreadsheet, and some other
characteristics ofits own (including being easier to learn!). It can be used in
connection with many of the problems for which a spreadsheet could be used.

li"jail
This program allows the user to create patterns composed ofpolygons,
including tessellations, on the screen. It has a rudimentary programming
capability. A printer dump is provided for all the versions.

RECURRING DECIMALS

This program prints the decimal representation ofa fraction. The user types in
the top and the bottom of the fraction and its exact (terminating or recurring)
decimal equivalent is displayed.

ESTIMATING TIME'

This program tests the user's ability to estimate short intervals oftime
(between 0 and 7 seconds). A rectangle is displayed on the screen and then
cleared; the user estimates the length oftime during which the rectangle was
displayed and types this in. After ten trials a summary ofactual and estimated
times is displayed.

The software is available on disk in three formats; for the BBC B or Master; for
the RMNimbus; and for the Archimedes.
Task Maths software is published by and available from: AVP, SchoolHill
Centre, Chepstow, Gwent NP6 5PH, United Kingdom (telephone: 0291
625439).
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Guide to Chapter 14,'TABLE GAMES
Outline

Strategies

Equipment and
Resources

J.ll

Relevant Review
Exercises
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Introduction to the task
NAT1; 5/4d1; 5/5d1; 517b2

Section A
NAT1; 2/4c1; 2/6b1; 2/8b2; 517a3;5/4d2; 5/4d3; 5/5d1; 5/5d2; 5/5d3; 5/6d;
5/7b1; 5/8c1

SectionB
NAT1; 2/4c1; 2/6b1; 2/8b2; 4/5c1; 5/4b4; 5/4d2;5/5d3; 5/6c; 5/6d; 517c;
5/8c1; 5/8c2; 5/9c

National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

neutral: 2,3,4, 5
easier: 1
more difficult: 6

INTRODUCTION TO THE TASK: HINTS

This activity helps to challenge some common
misunderstandings or superstitions: for example, if
you have just thrown a 6 it will probably be followed
bya1.

Encourage students to think about, and explain,
their strategies. On the other hand, it is probably
unwise to force 'correct' strategies onto students. One
of the problems with probability as a topic is that
students are taught the theory but it means nothing to
them because they do not believe it! For this reason it
is worth spending time on this activity; this will set
the scene for Section A.

If the computer is used, some students might not
believe that the computer is 'throwing' the die fairly.
This is an understandable, and perhaps justified,
disbelief: after all, what evidence is there that the
computer really is producing numbers 'at random'?

Weare not sure about the optimal strategy for
Digame. But, because the die has no memory (is this
assumption believed by students? Is it believed by
anyone?) a logical strategy should involve deciding
what sco •.·efor the turn to stop at, rather than how
many throws to make.

For an optimal strategy, your behaviour should also
be influenced by the stage of the game. If you are a
long way behind you presumably need to take greater
risks so that you have a chance ofcatching up. If you
are a long way ahead, you can afford to be cautious
and to consolidate your position.

SECTION A: ANSWERS

1 (a) 0 (b) 2 (c) 3 ways: 2,3; 3, 2; 5 (d) 1way
(e) yes; 17

2 C and F are probably helpful and B, D and E are
probably not helpful. People argue about A.

3 (a) ~ (b) ~ (c) ~ (d) 1 (e) 0 (I) 10
4 (a) There are 36 outcomes. (b) 11 (c) * (d) ¥S

(e) 22
5 (a) This is the theoretical result, unlikely to

happen in practice! (b) and (c) Dice have no
memories. (d) If you are a long way behind take
risks.

6 About20
7 (a) ~ (b) * (c) 2\56 or;fz (d) 0 (e) ~~~

8 Assuming you don't get a 1, the average score on
one throw of the die is k(2 + 3 + 4 + 5 + 6) = 4.
Hence you need 25 throws on average, assuming
no Is. Pr(25 not Is) = (~)25 = 0.01.

SECTION B:ANSWERS

1 (a) There are 28 dominoes. (b) 7 (c) 7 (d) 13
2 (a)?s or ] (b)?s or~ (c)~ orf4 (d)/g (e)O
3 (a) 6 (b) 12 (c) 11 (d) 2
4 (a)

Finish
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(b) (i) 15

(b) (ii)

(c) Matching the numbers is the same as not
lifting your pen; each line represents one
domino, so there are no repeats.
(d) No

This network cannot be drawn without taking
your pen off the paper (there are five lines - an
odd number - coming out of each point).

5 (a)2 (b)l (c)3 (d)O (e)4
6 (a)2 (b)O (c)4 (d)2
7 Double-five and five
8 (a) 2; (1,4) scores 3 (b) 2; (6,6) scores 4 (c) 3;

(4,1) or (5,2) or (5,6) scores 2 (d) 3; (6,6)
scores 8 (e) 2; (3,6) scores 4

9 (a) See case (c) above; you score more than the
next player. (b) See case (d) above. (c) The
first player may also have the double-six
domino. (d) -ls or ~

10 (a) You need to get a total of6 or 10; there are
many ways to do this. (b) You need to get 12 or
20. The ends can be: 6 and 6; double-3 and 6;
double-4 and 4; double-5 and 2; double-6 and
blank; double-2 and double-4; double-1 and
double-5; double-blank and double-6; double-4
and double-6.

11 (a)8 (b)-f7

12 (b)~+~=~
13 (a)~
14 (b) k + Is = *
15 ( ) 42 147 147 420 (b) 42a 756' 756 , 756 , 756 756

(c) 420 (d) ~ x ~ X l!!= 7980
756 28 27 26 19656

FURTHER COURSEWORK TASKS

I) Write about some aspects of darts. For example, write about possible
finishing scores for a game of 50 1 Down. Or write about the way the
numbers are arranged on a dartboard.

24

The main qualities students require for this task are
being systematic and considering all possibilities.

The possible finishing scores with three darts, given
that you must finish with a double (including 50,
which is double 25); are: all numbers from 2 to 158,
160,161,164,167 and 170.

Alternatively, the possible scores with three darts
(when you do not need to throw a double to finish) are
those above together with 159,162,165,168,171,174,
177 and 180.

One way of encouraging students to think about
why certain scores are impossible is to change the
dartboard in some way. Suppose, for example, the
dartboard had numbers only up to 10 instead ofup to
20. Or suppose it had only odd numbers (say 1, 3, 5, 7,
...,39).

Generally, the numbers are arranged on the
dartboard in such a way that high numbers and low
numbers are separated. One way of investigating this
might be to do a 'moving average' of three numbers (or
four numbers, or five numbers) around the dartboard.
For example, 5 + 20 + 1 = 26; 20 + 1 + 18 = 39. One
measure of the 'evenness' of the spread ofnumbers is
the range of these moving averages. Having decided
what criterion to use, students might explore
modifications which would improve the evenness of
the spread ofnumbers according to that criterion.

2) Design a board game.

You might want to get some ideas by looking at board games you know.

You might want to test your game by playing it. This might help you to
think of improvements to your game.

The mathematical elements of this task include:
devising the game;
making decisions which might involve intuitive
notions of probability (e.g. in a game based on
letters, why do you have more Es than Xs?);
devising, possibly through experiment, sensible
scoring systems which produce a game that is
interesting to play and finishes within a reasonable
period oftime;
writing down the rules clearly, so that someone else
can work out how to play the game.

Some students might want to choose a context which
interests them as the setting for their game (e.g.
football, or a game for very young children to play).
Some students might need encouraging to concentrate
on the (mathematical) essentials of the game, rather
than on creating beautiful boards or developing an
elaborate story line.

One possibility, which makes the mathematics
more explicit, is to develop variants ofgames such as
dominoes and Scrabble, which involve numbers and
operations on numbers.

Students' accounts need to include an explanation
ofwhere their idea came from. For example, they
might have brought together ideas from several
commercial games. They can show they are working



at a higher level if they can explain how their ideas
developed, rather than simply presenting the end
product. Why have they included particular elements
in their game? Have they thought through all possible
eventualities, or might their game reach stalemate
under certain circumstances?

Students who can write about strategies for
playing their game are likely to be working at an even
higher level. This might not be easy for them to do in
general terms, but one approach is to give examples of
moves from their game, accompanied by the strategic
decisions which would be made and why.

3) Some sets of dominoes contain more dominoes than the standard sets in
Britain. For example, one set has all possible dominoes from double-
blank to double-nine.

Design a version of Threes and Fives which could be played with such a
set.

One possibility is that the game ofThrees and Fives
with the enlarged set would have exactly the same
rules as the game ofThrees and Fives with the normal
set. Students could investigate the scoring
possibilities with the large set. For example, a double-
nine on one end and a double-six on the other would
give 30 (scoring 16points). The previous stage to this
is either a double-nine on one end and a six on the
other to give 24 (scoring 8 points), or a double-six on
one end and a nine on the other to give 21 (scoring 7
points). There is one other way ofgetting 30, but the
previous stage to that scores zero. What is the highest
score you can make following a 30 (and a score ofI6)?
With the ordinary set ofdominoes the best opening
move is (4,5), because it scores 3 and no more than 2
can be scored on the next move. What is the best
opening move with the larger set?

An alternative approach is to change the rules.
Students might, for example, explore the possibilities
of 'Threes and Sevens' or 'Fives and Sevens' or 'Threes,
Fives and Sevens'. Students might want to consider
'safe moves' and 'risky moves' and 'moves worth the
gamble' in any of these situations. Probability theory
could be used here.

4) This is how the numbers are arranged round a
dartboard. Is this a good arrangement? How do
you think they should be arranged?

The area in which you score 20 on a dartboard is
the same size as the area in which you score l.
Some people think that it should be harder to score
20 on a dartboard than it is to score l.

You might want to redesign a dartboard so that it
is harder to score some numbers than others.

One way ofdesigning a dartboard is so that the area
for a number is inversely proportional to its score.
Students could redesign a dartboard along these lines,
either by keeping the usual division into sectors or by
changing it in some other way (for example, by having
two numbers in one sector, one on the inside and one

on the outside). Students might also wish to give
consideration to the arrangement ofnumbers, as
inFCT2.

There are a variety ofaspects of redesigned
dartboards which might be explored. One is to find the
average score if darts land 'at random' within the
scoring area. One way of seeing if numbers are
appropriately arranged might be to see whether darts
landing at random in 'one half of the dartboard score
the same on average as darts landing at random in
'the other half. There are obviously many ways of
'halving' the dartboard for this purpose.

5) Figure 4 shows a ring of dominoes.----I I
mlHB8IBEIII Figure4

Can you form a ring using all the 28 dominoes in a standard set?

Can you form a ring using all the dominoes which do not have sixes on
them?

Can you form a ring of all the dominoes with an even number of spots on
them?

Can you form a ring of all the dominoes with an odd number of spots on
them?

Make up and solve other problems of this type. Try to explain why some
rings are possible and some are impossible.

You might find it helpful to use network diagrams, which were explained
in the box before question 4 in Section B.

The 28 dominoes in the standard set can be
represented by the network diagram shown below.

3

Making a closed ring ofdominoes is equivalent to
being able to draw the network, starting and finishing
at the same place and without taking your pen off the
paper or going over any line twice. There is a theorem
which says that this is possible provided that there is
an even number oflines meeting at each vertex. This
is the case in the diagram above and so a ring is
possible. There are in fact very many different ways of
arranging the 28 dominoes in a ring.
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It is not possible to make a ring from the 21
dominoes which do not have sixes on them. It is
possible to make a ring from the 15 dominoes which do
not have sixes or fives on them.

You certainly cannot make a ring from the 16
dominoes with an even number of spots on them. The
network diagram for these dominoes is not even
connected. (Students might be able to explain why.)
Some (6) of these 16 dominoes have two odd numbers
on them. A ring can be made from these. Some (10)
have two even numbers on them. A ring cannot be
made from these.

You cannot make a ring from the 12 dominoes with
an odd number of spots on them. But you could if, for
example, you left out the 4 such dominoes which
contain a one.

It is interesting to look at the same problems for
domi~o sets of different sizes (for example, the set
described in FCT 3). Students might be able to find,
a~d prove, theorems which apply to domino sets of any
SIze.

6) Choose a game. It could be a card game, such as Chase the Ace or Crib. It
could be a dice game, such as Yahtzee. It could be a board game such as
Monopoly or Sorry.

Write about some aspects of the game.

This is a difficult task to organise. There is usually a
great deal ofmathematics in a card game or a board
~ame. Some of it is trivial or very dificult, particularly
Ifyou start considering probabilities. If students make
mistakes in their work (for example, in connection
with difficult ideas like independence ofevents) they
should be given due credit for the probability ideas
they are able to use intelligently.

Students will need to describe the game they are
investigating, although more will be expected ofthem
than a mere description. However, they need to be
rewarded for a clear description, because this is
usually by no means easy to do. Students also need to
be rewarded for making imaginative choices about
what is worth considering and what should be left out,
and for organising and communicating their findings
in a clear way.

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 2
It is not a trivial task to design a game which actually
works! Unless students test their games out by
playing them several times they are likely to overlook
some eventualities, with the consequence that players
might not know what to do or the games might grind
to a halt. Writing down the rules so that they are
understandable is also a challenge.

Many students design board games based on
thr?wing dice and moving counters round boards,
which have reward or penalty squares related to the
story lines for the games. Such students might be
producing cross-curricular coursework containing
little mathematics!

Creating games based on mathematical ideas is one
way ofdemonstrating statements ofattainment from
several of the mathematics attainment targets. The
following extract is from the work ofa student who
designed a calculation game using the numbers on the
dominoes. She could have improved her work by
thinking more carefully about her choice ofnumbers
on the dominoes and by describing in more detail
problems that might arise when the game is played.
Nevertheless, this extract shows that she can 'design a
task and select appropriate mathematics and
resources' (NAT1I6a). She also tested her game out on
several people, demonstrating that she can 'check
there is sufficient information and obtain any that is
missing' (NAT1I6a).
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Games based on sporting activities seem to help
students to produce games not based on moving
counters round a board. One student, who is a keen
football player, invented a game in which the moves
along and across the pitch are determined by the
scores on two 20-sided dice. The game has 'danger
areas' and a number of other special cards and events
to make the game model more closely a real game of
football. Although he is normally a student of modest
achievement mathematically, this extract shows that
he can 'devise a mathematical task; work
methodically within an agreed structure; use
judgement in the use of given information' (NATll7a).
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Another student based his game on motor racing. He
developed a complex set of rules, which he amended in
response to the problems he met when playing the
game with other people. His heartfelt comments
below show the struggle he had to develop a successful
game. So, in addition to demonstrating the same skills
as the previous student, this work shows that he can
also 'review progress' and 'follow new lines of
investigation using alternative approaches' (NAT1I7a).

Further Coursework Task 6
A goodway to start the write-up for this task is to
describe how to play the game and to explain which
aspects of the game are to be explored and why. This is
not trivial, because some aspects of the game might be
almost impossibly difficult to analyse, while others
yield little ofmathematical interest. Working out
general strategies for games, and justifying them by
using probability theory, is often very difficult.
However, students can demonstrate their ability to
use and apply their understanding ofprobability by
considering particular examples ofplay.

In the following extract the student is writing about
Yahtzee. She is trying to work out the probability of
throwing '3 ofa kind' by considering the probability of
throwing three 3s, a 5 and a 6 in one throw. She lists
the twenty rearrangements and then writes the
following:
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Her last two sentences hint that she realises that
there are many other ways ofgetting '3 of a kind',
which she does not deal with. Nevertheless, her work
shows that she can 'work methodically within an
agreed structure; use judgement in the use ofgiven
information' (NAT117a) and 'follow a chain of
mathematical reasoning, spotting inconsistencies'
(NATll7c).

Another student works out the probability of
'straights'. He has forgotten to exclude the possibility
ofgetting a 'large straight' from his consideration of
the 'small straight' case. But nevertheless he is
working at a high level. He can 'design, plan and carry
through a mathematical task to a successful
conclusion' (NAT1I9al) and 'define and reason; prove
and disprove' (NAT1I9a2).
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In fact the actual game ofYahtzee is more complicated
than these accounts indicate, because you can have
second and third throws of any number ofyour five
dice. One way students can tackle this extra
dimension is by considering particular examples, as
the student is doing in the following extract. She is
working out the chances of getting three sixes on the
second and third throws. She is making good use ofher
knowledge of probability, even though she cannot
complete the analysis of the problem. She is beginning
to be able to 'define and reason; prove and disprove'
(NAT1I8b).
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Guide to Chapter 15:COLOURINGS
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Relevant Review
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National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

Introduction the'task
NATl; 4/4a2; 4/4c

Section A
NATl; 3/4al; 3/5bl; 4/6b4; 4/4c

SectionB
NATl; 3/4al; 3/5bl; 4/4a2; 4/6b4; 4/4c

Sectiofi'A, 1
Section B, 1,2,4,5
Section C, 1-5

neutral: 1,3,4

Section B, 3,6
Section C, 7-9

INTRODUCTION TO THE TASK: HINTS

This is a worthwhile activity for all students and sets
the scene for the task. It need only take one or two
lessons. It is worth discouraging students from
colouring at random, and forcing them to adopt a
systematic approach before they have spent too much
time on the activity.

A key stumbling block is deciding that

IlIJ isdifferentfrom "

Some students will find the task easier if they cut
the tiles out. This helps them to check for repeats and
to sort their tiles logically. Encourage students to
explain why they know they have all possible tiles (see
results below).

There are six possible 'types' of tile. The number of
each type is shown below

6 3

Total24

6

Explaining why there is only this number of each type
involves the use of symmetry.

SECTION A: ANSWERS

1 (a) Anticlockwise 90° (b) 180° (c) Clockwise 90°
(d) Clockwise 90° (e) 180° (I) Clockwise 60°
(g) Anticlockwise 120°

2 11 (3 with one colour, 6 with two colours, 2 with 3
colours)

3 (a) 7 (add r,r; b,b; y,y; r,b; r,y; b.y; y,b)
(b) 6 (add r,r; b,b; y,y; r,b; r.y; b.y)
(c) 7 (add r,r; b,b; y,y; r,b; r.y; b.y; y,b)
(d) 8 (add r,r; b,b; y,y; r,b; r,y; y,r; b.y; y,b)
(e) 6 (add r,r; b,b; y,y; r,b; r,y; b,y)
(I) 11 (add r,r,r; b,b,b; y,y,y; r,r,b; b,b,r; r.r.y; y,y,r;
b,b,y; y.y.b; y,b,r; y,r,b) (Compare (I) with answer
to question 2.)

4 6 (3 with one colour, 3 with two colours)
5 (a) 5 + ~ x 5 x 4 = 15 (b) N+ ~ N(N-I) = ~N(N+ I)
6

No. of
eolours Type A TypeB TypeC Total

(0) 4 4 4x3=12 4x3x2=6 22-4-

(b) S S Sx4 = 20 sx4x3=12 37-S-

(c) N N N(N-I) N(N-I}{N-2}
N

= (N-I)(N-2) 2N2-3N+2
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SECTION B: ANSWERS

1 There are 10 types: A,J; B,P; C,L,R; D,K; E,I,O;
F,N;G;H;M;Q.

2 3 types, using 3 colours (see question 6 in
Section A)

3 7 types, using 4 colours

E

4 (a) 3 (b) 12 (c) 9 (d:) 18 (e) 13 or 4
5 It depends whether you include tiles which also

have blue on them or not.
6

R~2 IB
222

I

Y R~.6 IB
7 There are 33 tiles. 6 12 6

3 of type A and
6eachofB,C,D, I
E, F, G (see question 3). y

8 (a) R~6 I B

666
I

Y
(b) 27

9 Any tile with three OJ
non-symmetrical regions.
These are two examples:

SECTION C: AN~WERS

1 (a)8 (b)12 (c)6 (d)l
2

Number of faces painted
Total

Size 0 I 2 3 number

2x2x2 0 0 0 8 8
3x3x3 I 6 12 8 27
4x4x4 8 24 24 8 64
5x5x5 27 54 36 8 125
6x6x6 64 96 48 8 216
7x7x7 125 150 60 8 343
8x8x8 216 216 72 8 512
9x9x9 343 294 84 8 729

lOx lOx 10 512 384 96 8 1000
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3 (a) No. 113 = 1331; 123 = 1728
(b) Yes. 97336 = 463 (c) 272 (2000 - 123)

4 (a) 54 (b) 108
5 (a)150 (b)600
6 (a) 48 (b) 50%
7

Painted Total
Total faces faces Fraction Percent.

8 24 48 1. 502

27 54 162 1. 333

64 96 384 1. 254

125 150 750 1. 205

8 (a) 1000 (b) 125000
10 (a) 8 (the corners of the large cube)

(b) 12eN - 2) (N - 2 along each of12 edges)
(c) 6(N - 2? (there is a square of side N - 2 on
each face)
(d) (N - 2)3 (there is a cube of edge N - 2 left inside
once outer layer is removed).

12 (a) 2197 (b) 64 (c) 1000 (d) 216 (e) 8000
(f) Yes, for a cube of edge 1898.

13 (a) (2,24), (3,108), (4,288), (5,600), (6,1080) and
(7,1764) are points on the graph.
(b) y = 6x2( X - I)

FURTHER COURSEWORK TASKS

1) Here are some tile designs. A
EBu~\\Y
Urn®@OO

Choose one of these designs or make up a design of your own.

How many different tiles of your chosen design can you make using 3
colours?

How many tiles of your chosen design can you make using 4 colours?

You might want to discover how many you can make using N colours.

For most (ifnot all) students it is best that this is not
just an exercise in colouring. Students need to be
systematic and look for 'types' of tiles.

Some students might be able to consider
relationships between different tile designs. For
example, why is the number of tiles obtained by
colouring

~ with N colours, N times the number obtainedM by colouring
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Why is the number of ~
squares obtained
by colouring

with 3 colours a square number (112)?(See question 2
in Section A.) And does this generalise to Ncolours?

2) ~ind two different tile designs both of which produce the same number of
tiles when three colours are used.

You might want to use the designs of Task 1, or to make up your own
designs,

You can, of course, do the same task using a different number of colours.

This task is all about symmetry. Two designs will
have the same number of tiles when 3 colours are used
if they have the same number of regions and these
regions have the same symmetry. Here are some
examples:

There might be occasions when tile designs with
different symmetries happen to produce the same
number of tiles when coloured with three colours.

There are many related questions which students
could work on. Here are some of them.

Given that you know the number of tiles with three
colours, can you predict the number of tiles with four
colours?

I~you are given?- number, can you find a tile design
which produces this number of tiles, when coloured
using three colours? Can you find a tile design, which
produces this number of tiles, when coloured using
any number of colours?

Another possible activity is ordering designs
according to the number of tiles they produce. The
simplest design is this:

It has one region. Does it D
matter what shape it is?
Is the second simplest design this?

~ Is any design with two regions as simple as
~ this? And so on.

3) Section C was about painting the outside of cubes made out of smaller
cubes.

Figure 12 shows other sequences of models made out of cubes.

You might want to find formulae which give the answers for the Nth
model in your sequence.

Figure 12

Choose one of these sequences or make up a sequence of your own. If the
outsides of your sequence of models are painted red, how many of each of
the small cubes of each model have no faces painted? 1 face painted? And
soon.

Whether students choose one of the sequences
sug~ested, or whether they make up a sequence of
their own, the task is about visualising, and is an
excellent way of exploring some of the relationships
between algebra and geometry. Students will
probably need to build their models from interlocking
cubes.

Counting is no easy matter and counting
'systematically', so that the count can be generalised
is even more difficult. '

Students might find it useful to shade isometric
drawings of their models in a way which shows which
cubes are painted on one side, which on two sides
which on three sides, etc. (see students' work in the
following section). This helps them to see the patterns
formed by such cubes and might make it easier for
them to use the geometry of their models to obtain
andjustify, number patterns or algebraic formulae,

Students should be encouraged to tackle a sequence
ofmodels, which they will find demanding. The
sequence of 'pyramid' models is more difficult than the
other two suggested in the student's book. It might
prove difficult to use isometric drawings to help record
results for this sequence, because of the
complexity of the models. Alternative
methods can be invented such
as this one. '

.------

5

2 3

3 3

3 2 4

2 I CD
4 G) 4

Model 2
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The circles round some of the 3s are used to indicate
that there are two different ways in which cubes can
be coloured on three sides.

Here is a table of results for the first seven models in
the sequence of pyramids.

Number of facespainted
Total number

Model number 0 I 2 3 4 5 of cubes

I 0 0 0 I 3 I 5
2 0 I 3 6 3 I 14
3 I 6 8 II 3 I 30
4 5 15 15 16 3 I 55
5 14 28 24 21 3 I 91
6 30 45 35 26 3 I 140
7 55 66 48 31 3 I 204

Students might be able to use the geometry of the
models to explain, for example, why the numbers in
the 5 Column are all 1 or why the numbers in the 0
Column have differences which are square numbers
(relatively straightforward); or why the numbers in
the 3 Column have a constant difference of 5 or why
the numbers in the 2 Column have differences which
increase by 2 (much harder).

4)

Investigate problems concerned with painting cuboids.

The results for painted cuboids are most noticeably
different from those for painted cubes when one (or
two) of the dimensions of the cuboids are 1. For a 1 by 1
by Ncuboid all cubes are painted on four faces except
for the 2 at the ends, which are painted on five. For a 1
by M by Ncuboid 4 of the cubes are painted on four
faces, and many of the cubes are painted on two
opposite faces, or on three faces which do not all meet
at a common vertex.

Again, students might find it useful to shade
pictures of their models in a way which shows which
cubes are painted on two sides, which on three sides,
which on four and which on five.

The patterns for larger cuboids are more similar to
those for cubes. Students can use methods similar to
those suggested in Section C and some students will be
able to obtain formulae by generalising those in
question 10 of that section.

5) 27 small cubes are put together to make a large cube as in question 1 of
Section C. The outside is painted red. The cubes are then separated.

Is it possible to paint each of the other faces of the small cubes blue or
yellow, in such a way that the cubes can be put together to show a
completely blue large cube, and can also be put together to show a
completely yellow large cube?
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Ifit is possible, you might want to discover in how many different ways it
can be done. You will need to decide what you mean by 'different'.

You might want to try solving a similar problem for a large cube which is
made from 8 small cubes. Or 64 small cubes. Or 125 small cubes. Or N3

small cubes.

One interesting aspect of this task is that students
will need to find a way of recording their results; this
is not trivial, but we strongly recommend that you
leave it to your students to devise an appropriate
method of recording. (See examples of students' work
in the following section.)

The solution for the 3 x 3 x 3 cube is outlined in the
next paragraph. We have met both students and
teachers who 'can prove' that there isn't a solution!

The main principle which guides the solution is that
there are no faces to waste. 27 cubes have 27 x 6 faces
altogether. A 3 x 3 x 3 cube has 9 x 6 faces exposed.
So a third of the available faces must be painted red.
The same applies also to blue and yellow. You can
then reason as follows:

One cube is at the centre. When the outside is red
this cube must be entirely blue and yellow (3 faces of
each). Similarly there is a blue and red cube, and a
red and yellow cube. That accounts for 3 cubes.
The large cube has eight corners which mean 8
cubes painted red on three faces. We have already
accounted for two of them. There are to be 6 more.
Likewise 6 blue on three faces, and 6 yellow on three
faces. 18 altogether.

This leaves 6 cubes to be painted red on two faces,
yellow on two faces and blue on two faces.
The only flexibility is in how you colour the 18
cubes. How many cubes do you have with three red,
two blue and one yellow facers); and how many with
three red, two yellow and one blue facets)? It is up to
you. You might consider some choices more
'elegant' than others; what you mean by 'elegant' is
something else to explain.

It is not a trivial task matching a student's solution to
your solution, particularly if the student has used a
completely different method of recording the results!

An interesting twist is to fit the cubes together so
that, as well as giving all one colour on the outside,



faces which touch each other inside the cube have the
same colours. The problem given in the coursework
task generalises. If you have N3 cubes, you can colour
them using N colours in such a way that they can be
assembled into a cube in different ways to show in
turn each of the Ncolours entirely covering the
surface of the cube. This is even true when N = 1!If

students can solve the problem when N = 3 they
should be able to manage it when N = 1or 2: They
might also be able to tackle N = 4 (see examples of
students' work in the next section). The method
outlined above for solving the solution when N = 3
generalises to some extent. One or two students might
even obtain the general solution for all N.

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 3
This task is suitable for students ofall abilities,
because its difficulty depends largely on the
complexity of the models chosen. In the extracts given
below the student has chosen a fairly simple sequence
ofmodels. She collects her data accurately and derives
and verifies formulae for her results. She can 'devise a
mathematical task; work methodically within an
agreed structure' (NAT1I7a).

L~~ No· of-~5 d--.fo'~~ ~0ces Lt fo.c.e.s 5~CQ.5OYIjJIt:\\1I f'o.A~~

,i 3 0 0 I :2.

3 c 0 r1- 2 2
4- 10 1 4- 3 1

~.

5 IS 3 6 4- ;L
-.

b )../ 6 'l 5 ::2

7 ;l.s? 10 10 b l.

~ ?:,{, \5 I). 7 ;2

'1 ft5 ;2.1 14- '6 l

ik y~ euv CM-bQ,S VJi~ 3 ~ca.s pOv\V\Xed 15

Ce>N..fV c.aJreA .

X -= ~tk or w,c{fu T::: No. of c:ubLs wil-h,3 &rtc.e...g ~~eJ.

. .
• L~tt,? •

T:: (X-4-) +)<.
M ~ rtW.- re.'Sh.d

( J. -ft) -r c1~ - J- --t- l C 7 - ~ T7 =- s +7
::::..0 ;:::.\0

1O/¥\L cuQ,ES =.1.~
10 ~s ~ c1. ra.A~
10 cuhe.s~ 3, ~~~
b ~ ~4 p~~<.d
Q-~~~ pM~

IT WO«JLS !f!
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In the following extracts a student is applying the
same ideas to a considerably more complicated
sequence ofmodels. Her level of achievement is likely
to be higher.

@ ~ tk No. of ~ tNt'At- {L paAvUr~ SI"cks ~ ~ ~"~lJ:-

h:, ~ ro~ J.. cvw! ~ \jU1A ~cY !J.... ')(. l-u.;SLJ:-.

~a._J~.

• 6 ·euhts ~ I •
P~wY~ ~I'k ·. . .

~s fow~ (5 4 ~o.-{e.s. ~·3l-, c:tMd

(5 MR~e.. LA..{)of C1 I x l , 1xJ ( Sx2, CXNd

cA 4-x4- '31,M£k'-e... wi1t1 l\ k>W 1'tC>. of

30 (;itU- ~ .

<>
•
~
.~

In this final extract another student has taken her
work a stage further than the other students, because
she has explained how her formulae relate to the
models. She can 'design, plan and carry through a
mathematical task to a successful conclusion' CNATlI
9al) and 'define and reason; prove and disprove'
CNAT1I9a2).
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Further Coursework Task 5
Looking at a student's final solution might suggest
that this is an easy problem to solve. But even the
solution to the problem in the 3 x 3 x 3 case is not easy
to find. By providing a solution the student shows she
can 'work methodically within an agreed structure'
(NAT117a) and 'follow a chain ofmathematical
reasoning' (NAT1I7c).

R. R B Y Y Y
1<. R. B Y y Y

R B B Y Y >'
R 13 B Y Y Y
I< B B Y Y Y
R B 8 .Y Y Y
R B B 8 Y Y
R. 8 13 B Y Y
B B B Y Y Y

I

R R. B B B yi
R R. B 13 B yl
R R B B B yi

I

R R.. B B Y yf
i

R R 8 T3 Y yl
R R. 8 B Y yi

I

R R. !3 B Y Y

R f\ B B Y Y
R R 8 B Y Y

I ~ eeu: akO'U/t t::hi& by J atin.J 27 stntUA cab es cuuI
./Cttin!J tIum toge::tiwr to nnvke a Uu:J e cu/:;e.

I have ~d owt -that- 8 cubes IUJZd 3 paUUed foa?S

!2 cubes need 2 ptUnred fl~5

6 cubes ~ 1 p~ed JOal
1 cube needs 0 paMtt;-ec/ j-aC/2S

[ urrate the ~aLerzi;: R; ern ~ udJes I -thvl trUd
to.fa- in -th£ B S and 1'5 /Jut .found 0 speMl s~
is reqtUred and ea.uer -t7; W(J(K o-ut: ern papv.
I wYo1£ the- R; down fos~ Q,r7 d ttwn Irla@ tite E; aAUI

Y/P~'
r have ~ up ~t &hiP tl5scrrt;-cru%tk siaes.
r ~ tried ~ nrJ cuhes/ /-« aiL rea siaes, r;kn /JUte ~~5/

~ !jelAmv/ and I succeSsfoI1:J3or-'tJ;-tfjwc;r!c,

R R R Y Y Y
R. R. R B e 6

R R f< 8 Y Y

R R. R. B Y Y

R R R. 8 Y Y

R R R.. f3 Y Y

R R R B 8 Y
R R R B B Y

R R 8 e B Y

Students will tackle bigger cubes in different ways. In
the extracts below the student first counts how many
faces of each colour are needed for a 4 x 4 x 4 cube and
then uses this to show how all 64 cubes should be
coloured. The second extract shows part of this list.
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He uses the same idea for a 5 x 5 x 5 cube, which he
apparently finds a lot more difficult.

IY'0 or the,;n
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In order to solve these problems he has needed to
'work methodically, checking information; consider
whether results are of the right order' (NATlISa).

In the final extract another student has developed a
method of solution which appears to generalise more
easily than the method used by the previous student,
so he is likely to be working at a higher level. This
extract shows his solution for a 7 x 7 x 7 cube.
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Guide to Chapter 16.'EVERY PICTURE TELLS
A STORY
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Strategies

Equipment and
Resources
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Th~task for this chapter is using and d~vising a variety ofpictures which
help to explain aspects ofmathematics. .. .

The pictures used for the introductory activity are different shapes which
" always'havethe same fraction oftheir area sltadedt Students are asked to
comment on the pictures and to create a similar set of pictures.

S~ction A is adevelopment of the introductory activity. Questions
involve, the areas of rectangles, parallelograms and triangl~s, symmetry,
congruence, fractions, circles and spheres. There is also work on chord and
tangent properties ofcircles a'nd other geometriCal results .
.Section B hegins with the use ofdotty pictures to explain various results,

such as why even + odd = odd. There is a question about negative numbers.
The middle part of this section uses pictures to establish rules for
multiplying out two brackets, and for factorising quadratic expressions.
There is also work on the forms ofgraphs oflinear, quadratic, cubic and
trigonometric functions, which suggests the use ofagraphical calculator or
a graph plotter on a computer.'The last few questions return to the topic of
solving equations.using iterative methods {previously met in Book 4,
9hapter 13) :;lndus~ ~obwebdi$lgrams to illustrate why the methods work.

There isone Further Coursewo!k Task. Students are asked to design a
p()st~rwhIch tells ~ story aBout some rn:ath~mafics~



Relevant Review
Exercises

National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

C27 Fractions and decim
C3l Properties of shapes
C32 Algebraic manipulatipn
C34 Ratio
C38 Polynomial equations
D43 Graphs offunctions
D46 Properties of circles
D4 7 Enlarg~i.ment q'}d siru/{arity
D52 Algebraic fractions and dimensio

cti
NATl; 2/4bl; 2/6bl; 2/5bl;2/8b2;3/5a
4/6b4,;4I7c;4,4JOal;i:~/8a; 4:%9a3

SectionB
NATl; 2/5d3; 3/l0a; 317b2; 3/8al; 3/6c; 317b4; 317b5; 3L8cl; 3L~a2;
3/l0d; 4/9c2; 4/9c3

Accessible to
all student
(no bars)

Section A, 1-
Secti 1-.,

neutral: 1
easier:
more difficult:

6

INTRODUCTION TO THE TASK: HINtS

A third of the area of each of the pictures is coloured.
But it is worth encouraging students to look for

further connections. The blue pictures all have
rotational symmetry of order 3 (and this is how you
can demonstrate that the blue piece is one third). Each
red piece can be seen to be one third because the shape
can be divided into three congruent pieces. The yellow
pictures all have a line of symmetry (although this
does not usually help you to see that the yellow piece is
one third). The purple pictures all have rotational
symmetry of order 2 (although this does not usually
help you to see that the purple piece is one third). The
green pictures are the rest: no symmetry, and no
congruence.

Students might have other ingenious, and
plausible, theories about the colour coding. These
should be encouraged.

Students can make up their own pictures in which a
third of the area is coloured. They can try to colour

their pictures in line with the colour coding, or their
interpretation of it. (They might even want to
introduce a fifth colour!) Squared paper or isometric
paper is likely to be useful for this activity.

The most obvious 'slightly different story' is to
change the fraction which is shaded.

SECTION A: ANSWERS

1 (a) ~ (b)~ (c) ~ (d) Lack of symmetry
2 (a) ~ (b)~ (c) ~ (d)~
4 (a) ~ (b)~ (c) ~

5 (a) ~ (b)~ (c) ~ + (~ of ~) = ~ (d) ~
6 (a) ~ (b)~
7 (a) ~ (b)~
8 (a) All sides built so they are twice length of sides

of smaller octagon (therefore equal). All angles
90° + 45° = 135° (therefore equal) (b) 4:1
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9

~ Ratio of the areas is 3:2
10 (a) ~ (b) Rhombus (c) ~ (d)(i) Total area of

dotted hexagons is ~ of area ofwhole hexagon. So
total area of shaded parts is ~ of ~ which is !.
(ii) Total area of hexagons surrounding each
shaded part is * .So total area of shaded parts is ~
f 13 hi hi 13o 16 w IC IS 24.

11 (a) 79% (b) 79% (c) 21%
12 (a) 60% (b) 60% (c) 60%
13 (a) 52% (b) 52% (c) 52%
14 (b) 90°. By symmetry the angles on the straight

line are equal.
15 (b) Equal (c) 13 em
16 (b) At midpoint of chord (c) 8em
17 (b) Isosceles (c) Equal (e) Equilateral, because

its sides are all the radii of equal circles
18 (a) Kite (b) AD
19 (a)(i) ~ (ii) 2:1 (iii) CG:GN = 2:1; BG:GM = 2:1

(b) 2:1; shear preserves ratios of parallel distances
20 (a) Square, because whole diagram has 4-fold

symmetry (b) Because each have a right angle
and angle D (c)(i) 2 (ii) v13 (d) 4:13 (e) ~
(f) Area of shaded triangle is 1.3 of ~ = fg . Centre
square is whole square - 4 triangles AMD + 4
shaded triangles = 1 -! + 4 x fg = fa .

SECTION B:ANSWERS

3 (a) Any even square of dots can be split into
smaller squares of 4 dots. (b) Take offeven
square which is a multiple of 4. This leaves two
even lines of dots (together a multiple of 4) and one
dot left over.

4 (a) (2N + I) + (2P + I) = 2(N + P + I)
(b)2N + (2P + 1)=2(N+P)+ I
(c) 2N(2P+ I) = 2(2NP + N)
(d) (2N + I)(2P + I) = 2(2NP + N + P) + I
(e) (2N + I? = 4(N2 + N) + I
(f) N + (N + I) + (N + 2) = 3(N + I)
(g) 2N + (2N + I) + (2N + 2) + (2N + 3) +
(2N + 4) = 10(N+ I)

5 (g) Positive
6 (b) E.g. two identical staircases with N layers fit

together to make a rectangle with sides Nand
N+ I.

8 (a) 10 I I

10 100 1010

10
I I
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(b) 02 + 30 + 2;(e + 2f)(e + f)
9 (b)02+So+6 (c) (x + 4y)(x+ y) (d)900+30+

30 + 1 = 961
10 (a) 21 x 19 (b)(x- I)(x+ I) (c)(o-b)(o+b)

(d) 33 x 27 (e) 252 - 22 (f) p2 - 4q2
(g) 7(p - 3)(p + 3)

11 (a)p2 - 2p - 3 (b) (0 - 2)(0 - I) (c)(p - 2)(p + I)
(d) (x + 3)(x - 2)

12 (a) 02 - ob - 12b2

(c) (x + 4y) (x - 2y)
13 (a) (2N + 3) (N + I)

(c) (30 - b)(o - 3b)
14 (a)

(b) p2 - Spq + 6q2
(d) (x - 4y) (x - 2y)
(b) 2p2 + 9p + 4
(d) (3x + 2) (x - 3)

c

c
length = b

~

ic tb

1 a

+
Total area = c2 - shaded square
Total area = 02 + b2 - shaded square
Hence c2 = 02 + b2

(b )(i) M2 + N2 (ii) 4(MN/2) + (M - N? = 2MN+
(M - N)2 (iii)M2 + N2 = 2MN+ (M - N?

15 (b) One line is when x is twice y; the other is when y
istwicex. (c)y=xandy= -x (d)x+ y= 5
(or 2x+ 2y = 10) (e) They give dimensions of
rectangles with perimeter 10 and sides in the ratio
2:1.

16 (a) Any equation of the form y = 2x + c (b) Any
equation of the form y = mx - 3 (c) Any line
through the point (1.5,0) (d) y = - 2x - 3

18 (a)(i) x =0 (ii) The origin; order 2 (b)(i), (ii), (iii)
and (iv) Line of symmetry isx = 0 (v) Rotational
symmetry of order 2 about (0, -4) (vi) Rotational
symmetry of order 2 about (0,4) (vii) Lines of
symmetry y = x and y = -x; rotational symmetry of
order 2 about the origin (viii) Lines of symmetry
y = x - 4 and y = -x - 4; rotational symmetry of
order 2 about (0, -4) (ix) Lines of symmetry at
x = 0, x = 180,x = - 180,x = 360 ...; half-turn
symmetry about (90,1), (-90,1), (270,1) ...; and
translation symmetry with vector (360,0)
(x) Lines of symmetry atx = 90, x = -90, x = 270,
x = - 270 ...; half-turn symmetry about (0, -1),
(180, -1), (-180, -1) ...; and translation symmetry
with vector (360,0) (xi) Line of symmetry
x = - 2 (xii) Half-turn symmetry about the
origin (xiii) Lines of symmetry y = x - 4 and
y = -x + 4; rotational symmetry of order 2 about
(4,0)

19 (a)A (b)B (c)B (d)C (e)B (f)C
20 Alternative answers are possible (a) y = x3 + 2
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(b) y = - x2 + 2 (c) y = x3 - X + 2 (d) Y = - x3 - 3
(e) y = x2 + 2x - 2

21 (0.4,2.6)
22 x= 1.57;y= 2.64
23 (a) 1and -3 (b)(i) y = 4; - 3.8and 1.8 (ii) y = I;

1.2and-3.2 (iii)y= -x;O.8and-3.8 (iv)y=x;
1.3and -2.3

24 (a) 4.37 (b) You get 4.37 again
25 (a) 0.64 (b) The sequence is alternately attracted

towards two limit points 0.799 and 0.513 (c) The
sequence is attracted in turn towards four limit
points 0.827, 0.501, 0.875 and 0.383
(d) Sequence is chaotic.

FURTHER COURSEWORK TASKS

Make a poster to tell a story about some mathematics. Design the poster
carefully so that it communicates its message clearly.

Write an account to go with your poster.

• Your account should clearly state the mathematical purpose of your
poster.

• The account should explain the decisions you made when you designed
your poster.

• Describe how you collected any information you needed to make your
poster. If you obtained information from books, say which books. If you
obtained information from talking to people, explain this.

• The account should explain any geometrical constructions you
needed to use.

• If you needed to calculate any lengths before you could draw
your poster your account should explain your calculations.

There are several different posters you could choose to make.

I) You could make an artistic poster.

This provides a wonderful opportunity for students
with artistic talents to demonstrate what they can do.
The tessellations and Rangoli patterns in Chapter 6 of
Book 4 might provide some useful suggestions.
Modern constructivist art is a rich source, and there
are seven useful articles by Ulrich Grevsmuhl in
Mathematics Teaching, issues 122 to 128.

It is fairly easy to obtain books on the mathematics
involved in Islamic art.

Tarquin Publications (Diss, Norfolk) publish a book
called Geometrical Patterns from Roman Mosaics.

ATM publish a poster about Celtic Knots and
several books are available which reproduce Celtic
designs.

The many other ways of creating interesting images
include: designs from lines (curve stitching and also

Chapter 2 ofBook 4); optical illusions; impossible
objects; and designs based on modulo arithmetic
tables.

2) You could make a poster which provides a puzzle for other people to solve.

How long is the diagonal of a square?

This is one ofmany possible ideas for posters which
might appeal to less artistic students. Hopefully the
puzzle chosen is visually attractive. Students can
either make up their own puzzle, or reproduce a puzzle
they have come across. In either case it is probably
appropriate that their coursework includes notes
which give the solution to the puzzle. Students might
need to be reminded of the importance ofproviding
references to their sources.

3) You could make a poster which explains ---------,
some mathematics. Polygonal numbers

Triangular

Square

P I •• \ U!
entagona \..---1

Hexagonal .• 0
Triangular I 3 6 10 15 21 28 36 45 55

Square I 4 9162336496-4 8110C

Pentagonal I 5 12 22 35 SI 70 92 117 145

Hexagonal I 6 15 28 45 66 91120153 19C

Heptagonal I 7 18 ).of 55 81 112148189 35

There are plenty ofposters of this kind which can be
shown to students. Many of these are rather dull and
students might well be able to improve on them.

If students have to sort out their ideas about
concepts (such as place value) before they can produce
their posters the task will be very worthwhile. It is
likely that the coursework should include notes about
the poster, and perhaps also suggest follow-up
activities and questions.

ASSESSING STUDENTS' COURSEWORK TASKS

Students who design a puzzle poster or a poster to
explain some mathematics have plenty of opportunity
to demonstrate their mathematical knowledge or
skills. They do this by choosing an appropriate puzzle
or topic, and writing a commentary on the
mathematics to accompany their poster. Work on
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artistic posters is more difficult to assess against
attainment targets concerned with knowledge, skills
and understanding; this issue will now be considered
in more detail.

Producing an artistic poster provides a task for
students who enjoy art and feel successful at it. It also
provides an opportunity for cross-curricular work.

The mathematical knowledge, skills and
understanding involved will depend on the students'
choice of theme, but is likely to include work from the
shape and space attainment targets. It is relatively
easy to see how students could produce work to
achieve level 6 or 7 ofNAT 1,but the task is unlikely to
offer students much opportunity to show that they can
'reason, prove and disprove', as required by the higher
levels. However, some students will be able to do this,
as is demonstrated in one of the extracts below.

Students who choose to base their work on Islamic
art can use grid papers and ruler and compass
constructions to good effect, because Islamic drawing
is based on construction rules and is not arbitrary. In
the following extract a student is explaining how she
used a triangular grid to develop her design.

-rhese.. (t.<e. Mj f;~ ro~3~ ~t0il-1~s cf ~ d-esijV\ , ISt-M~ b) dnw.>,'V!j

SWtpLS U.5"~ ~ li~ 0\1\ -tiAL pt:\I'U ~ ~cX(~ ~. L<-f
WI\\. -H"',i5 dlSt)LA, ~'s WetS .~lAst- {W.- fi,.-&t- ctes~1-1 f't1* ~
i\l\..hJ ~ ~ so ,'r- ts (e.cd~ ~lArt- tW.. kJe<SI'c.. (esellA"c.J.,.. f'tv
~:s i~!.sbjcdr'ol\,
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She can 'design a task and select appropriate
mathematics and resources' (NATl/6a) and use
'visual forms to record and present findings' (NATl/
6b). Another student uses a square and octagon
construction as her starting point. Such a construction
often appears in books about Islamic art. She explains
how the design is drawn on the grid, and she colours it
in two different ways.

10 ~ m:1cI£s'cgns bMW an s~ and octogorvs I haYe 1:0 store
off wi#r- Q gtid U/Ge ~.

I drew ~ b!f dr~ -t;k circle f;rsc ~ tit.ffl ciraWm3 tk. s~e
PQRS around a:
I tIwn dreW WJ tk ~onaI lines PI! and G5 MUI t;:k norozanm/
a-n-d v(U'tica! ~ AB a-nd CD. I t/z.v? drew m the srpuvre ABCD.

I tkn ciret1J i.n ~ rrtIier +our Cm?/StrucdCff7 tin.es F 1-1; /LIE J
a,ndG-K

T/z£ Jrd h<M rnanfj Unes of sfjrnmdry.
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Ali tize5.e dYawilys ave«: ilk !Z0Xt -{eM) fJages use t;kp, S~5 and
oc:taqm~.jrtcl wst !lOU have tb st-a/t oft with tit£, S~ r« on
w~y =»: I Juwe e4.flained hmv to draM) -t:40 grH?! on page 3 .

Aftu, 1had drawn the Brid 1 5'Wtad on ~ 40n.
FtrstJ:j I r.:/reMJ -ttu sCfUClfe fl8CD. ~ I cU-eN an ~ scpuare
PQRS. FrcTm t;h,a;Cs~ (tiu ou;t,UU) I drw a tuw fr0'n7 s: to 1-1.

/Tq-m II to G etc ~J ~ s~ FFGH.

I clf~ -titL ~ s~ a ~~ W, cdtIw~ t;;Iu nw.05~

aU comp0 witit tk ccmstrtAdiOY] ~j.

7lu cWtgt1 cmUun of' nrta.:izdnd S!!mn--zdC/.
(Th.£. ~ i5 araom. wiJii a c~s and tIi£ ~ ~ are MI
ctYawn with a rulJv 0'Y1 aU def~ny

7Ju's ~C1Jn
is Jwt IA:Ja
tiw.. 0Y/f2.. 0Y7

page 7 but:
b~;X-
ioc~
differ~ut
tfte ckw:p1
tomes cilfP.re4

This student is working at a higher level than the
previous student, because she shows that she can
'work methodically within an agreed structure; use
judgementin the use of given information' (NAT1I7 a).

The student from whose work the following extract
is taken has researched how to construct Celtic knot
designs, using the techniques suggested in the ATM
poster. She explores the number of different 'ribbons'
she can get in square and irregular shapes, before
developing her final design incorporating four ribbons
and an impressive use of symmetry. This student is
also working at level 7.



I J,,"scove.-r<J tko-.V ,OJ \ v:>~ \-0 F"'-p~V' W'~ ~ th~ \
1';\''00,-" 1 W \-0 d.JJ,Oy lAA 0\ s~e..,

~'sp~V\~s ~
nO~b~, 4-'){ 4 B n"J

,t\,;s ts 0\ 6 x b ~V\q o..wA
V\cts 3 n'b'oons

~'s, C;)h'c..
p~ V\O. s d.. ribboll\

\kse.. :L cA(c.. p~lf\ Cl-f'e.- V16t-

S,jvv..~at,

-nv-s c.dhc p~
h.G\s ~ y ilcbo ~
~'s. p~~ ,'s
oUso s~\Mw.ttvi(C.tl

Some students researched Roman mosaic pavements.
The following extract is from the work of a student
who devised his own border pattern, having read
about the significance of such patterns for Roman
pavements. He can 'design a task and select
appropriate mathematics and resources' (NAT1I6a)
and use 'visual forms to record and present findings'
(NAT1I6b).

If +k ~hc. Z)",ds o..-re..- ~u ~
(L.(~ Yl.K:- sCJIM~y;c""l

-rtAs u-lHc. p~
has ;;l... 1'"1''0'00111
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The final extract shows how students can apply their
mathematical knowledge and skills to this task. The
student is developing a Roman pavement design
consisting of a grid of4 by 4 squares. She is trying out
a number of designs and analysing them in terms both
oftheir mirror and rotational symmetry and also of
the proportions ofblack and white they contain. She
then comments about how her preference for certain
designs relates to these qualities. This shows that she
can 'define and reason' (NATl/8b) as well as 'devise
and extend a mathematical task and make a detailed
plan of the work; work methodically, checking
information' (NATl/8a).
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P~n Mwror R~ 19af7 Do Z
No. s tjmnui:rrj s!j~ Btad< W~ 4h the
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TIu- fcdWrn5 Z luwe n-atzcec/ in "tit0 t:aiJk CU1e- t/ud-
eHeA'7j 4- by 4- desu]'1. ~ nrtcdtma/ sfj~.
I haee. aUo Fnrved ~ ~ ('~ tiud ~tgfZ5 with
2 ~5 are ~oV 5ym.eMy ~e or~ 2 rri:cdionaA
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haVe oYh Lr r~~ stj~. -nus ~ac:t '-0
ty~ becaase: rrUr-rO'Y' s!fn1.£w!j fA where yorA c-ae: ~
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e4actiy ~ S~.

:m: If r: ItA: Ijcnif =r: (]YI~ ~ cuuI
turn tI1£ .f~11 round !jtW wiI./ be a6ttz to
See rot::dlonaA s!Jmw-y.
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fJOA/e bath tgfX?'5 or sy~1'
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Guide to Chapter 17.'MANAGING THE FUTURE
Outline

Strategies

Equipment and
Resources

Relevant Review
Exercises

National Curriculum
Statements
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In this chapter students look into the future, both personally and globally,
and consider ways in which mathematics can help them make sense of it.

The introductory activity invites students to discuss what facts about
their lives in 2010 they can predict with some accuracy.

Section A is about earning money and budgeting how to spend it. The
work involves rates of pay , saving, simple interest, compound interest and
interpreting barcharts and pie charts. . . .

Section B is about the world resources needed by individuals and
families, and about ways in which the world population is changing. Work
involves the use of direct and inverse proportion, making sensible
approximations, using percentages and interpreting graphs. The last few
questions are about exponential growth, and fractional indices are used.

There are six Further Coursework Tasks, inviting students to find out
about different aspects of the future.

SectionB
NAT1; 2/8a2; 2/8a1; 217b1;2I7b3;2/6c;2/8c; 2/9b; 317a4; 3/8a3;3/9b2;
3/7a3; 3/9a1; 3/9a3; 3/8c1; 2/6d3'; 2/6(i1; 2/1th12; 5/5cl " ,



Questions in Sections

Further
Coursework Tasks

INTRODUCTION TO THE TASK: HINTS

This activity sets the scene and fosters interest in
the FCTs.

Class discussion might be more appropriate than a
written response. It is worth emphasising the
questions posed at the start. In other words, focus
attention on which ofthe students' answers are
accurate, which it is difficult for them to be sure
about, and which questions are simply 'impossible'
to answer? These considerations are more important
than the answers themselves.

SECTION A: ANSWERS

1 (a) £120 (b) £111
2 (a) (i) £105.63 (ii) £2.03 (b) £3.01
3 (a) 20 months (b) Both factors make it longer
4 (a) £60 (b) £45 (c) £70
5 (a) £22.50 (b) £17.63 (c) £56
6 (a)£18 (b)£54
7 (a) £9 (b)(i) £27 (ii) £63 (iii) £9x

(c) £129.50 (d) £41.16
8 (a) £116.64 (b) £124.80
9 £1024

10 (a) £204 (b)(i) £208.08 (ii) £220.82
(iii) £253.65
(c) (1.02)12= 1.268

11 (a)(i) About 70% (ii) Non-manual under 18
(iii) Non-manual 40-49 (b) Difficult to say
(arguments either way)

12 (a)(i) (25) 7% (ii) (200) 56% (b)(i) (155) 43%
(ii) (63) 18% (c) These figures are totals; not all
North Americans and Asians are typical.
(d) About 20 times

13 (a) About 10:1 (b) About 25 times

SECTION B:ANSWERS

1 (a)(i) 3.5 kg (ii) About 180 kg (b) About 300 kg
(c) 9 million kg (d) Some people eat no potatoes
(rice, etc. instead)

2 (a) 15 (b) 36 (c) 156
3 (a)(i) 6 (ii) 8 (iii) 12 (c) (i) 16 (ii) 28

(iii) 730 (d)(i) 5 days (ii) 13 days (iii) 8 weeks
4 (a)(i) 320 million (ii) 180 million

(iii) 7 million (b)(i) 75 million (ii) 85 million
(c) (i) 220 000 (ii) 230000; 210000

5 (a) 330 g (b) Directly could be things you see
(writing paper, packaging, etc.); indirectly paper
used e.g. in business to produce the goods you buy
(e.g. records, bills). (c) 700 000 tonnes
(d) 140 g per day (e) 58%

6 (a) (i) 30 days (ii) 40 days (iii) 240 days
(iv) 16 days

7 (a)(i) £3 (ii) £12 (iii) £4
8 (a) 240 miles (b) 8 hours (c) 2.4 hours

(d) 1hour (e) Not as good as it looks, because of
getting to and from airport, checking in, etc.

9 (a) A is weight; B is height (b) 70 years
10 (a) Records change suddenly, not gradually

(b) About 3.4 mins (but extrapolation obviously
isn't valid for ever).

11 (a) (i) To nearest £25 (ii) Because second-hand
prices have to be sampled (b) 53%, 57%,59%,
62%,64%,67%,67%,71%,74%,77%,85%
(c) Prices drop quite a lot in first two years and
then fairly steadily (at least for 5 years).
(d) Between £4000 and £4500

12 (a) 130000 (b) Between 12 and 13 days
13 (a) (i) 240 000 (ii) 2.3 x 1013 (b) 1700
14 (a) (i) 2.64 (ii) 3.16 (iii) 1.59 (iv) 2.11

(b)(i) 129.6 (ii) 129.6
15 (a)(i) 10billion (ii) 20 billion (iii) 7 billion

(iv) 14billion (d) 12 billion
16 (a)(i) £121 (ii) £146.41 (iii) £177.16

(iv) £214.36 (v) £259.37 (c) About £186
17 (a) (118) 33% (b) (10) 3%
18 (a) (i) 12.5 g (ii) 6.25 g (c) 9 g

(d)(i) 9.5 x 10-5 g (ii) 7.7 g
19 31 g ofA; 997 g ofB; 84 g ofC; virtually nothing

ofD.

FURTHER COURSEWORK TASKS

I) How much interest is there in 'green' issues? Which 'green' issues
interest or worry people the most?

Conduct a survey among students in your schoo!. You might also want
to ask parents, teachers, other adults or younger children.
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This provides an opportunity to do a statistical survey.
Students might find it useful to work as a group.

The suggestions provided in Chapter 21 (Section B
and FCT), about designing a successful statistical
survey, are relevant here. Students need to be clear
what they want to find out; to design a suitable
questionnaire; to choose a suitable sample; to display
relevant results clearly and meaningfully; to analyse
results for a purpose; to draw realistic conclusions.

Most students will be wise to decide in advance
exactly what they mean by 'green issues'. Leaving
those who respond to the survey to make this decision
will provide a more chaotic set ofinformation which
will be more difficult to analyse and interpret.

2) How much does it cost you to live for a year?

Describe the budget you need to live for a year. Include your share of the
cost ofthe home in which you live, for items such as heating and lighting.
Include food, clothes, holidays and all your other expenses.

If you prefer you can work out how much it will cost you to live for a year
after you have left home.

Remember to take account of all your expenses.

This is a popular task. Encourage, and give credit for,
appropriate research and for displaying and writing
about results in ways which are clear and easy to
understand. Keeping the purpose in mind and
communicating that purpose in the finished work is
more relevant than doing a lot of 'hard sums' for the
sake of it.

Appropriate use ofpie charts might help students to
communicate their findings dramatically.

Students can make the task more challenging by
comparing current data with data from a few years
ago, or by predicting what is likely to change most in
the next few years.

3) Is there equal opportunity for men and women, and/or for people from
different ethnic groups, in tenus of pay and employment prospects in the
area where you live? Do people want there to be equal opportunities?

You can collect some evidence from within your school or from outside it.
For example, you can find what jobs students in your school want to do,
and whether they are optimistic about getting the jobs they want.

This also provides an opportunity to do a statistical
survey, and the remarks about FCT 1 apply here also.
It is especially useful with this activity for students to
work as a group: they will then be aware from the
outset of a variety of viewpoints, and will help each
other to clarify the issues they want to explore.

How are the students going to define equal
opportunities? How are they going to measure
prejudice? It might be appropriate to remind students
of the law in these areas: they need to avoid sexist or
racist questions which might cause offence to others.
Students also need to consider carefully how they are
going to process the responses. What are they going to
do with racist responses to the questionnaire?
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4) Look at some of the ways in which people are trying to protect the world's
environment and explain how some of these ideas might work. Try to find
some statistics to use with your explanation.

For example, you could find out what proportion of cars locally are using
unleaded petrol. Or whether people are changing any oftheir living
habits to be more 'environmentally friendly'.

There is a danger that this could become entirely a
science or a humanities project. But conversely, here
is an opportunity for a cross-curricular task. There are
many diverse ways of tackling this task. The task
requires individual research, and is suitable for those
students who are already interested in these issues
and are able to do the research.

5) How much energy does your family use at home during a year?

You might want to compare your use of energy with that of a typical
family in Britain. On average, the amount of energy used by a family in
one year is as follows.

Coal 600 kg 150 therms
Oil 150litres 50 therms
Natural gas 390therms
Electricity 4100 units 140therms

Total 730 therms

(1 therm is approximately the same as 30 units of
electricity. 1 unit is 1 kWh, the amount of
electricity a 1 kW fire uses in an hour)

This task is quite difficult. It is not easy to understand
the meaning of the units and their equivalence. Nor is
it easy to collect or to organise the data. It is only
appropriate if students have access to the required
data, either at school or at home.

The task provides a good opportunity for students to
explore and explain concepts such as percentage
change and moving averages.

Find out about the way in which different
possessions increase or decrease in value and
look at the reasons why this happens.

6) Houses increase in value. Cars decrease in value.

This task is suitable for all students because it can
focus onjust one item, e.g. house prices or can consider
a range ofprices, which is more challenging. It is
obviously relevant to the cross-curricular theme of
economic awareness. The analysis can also be
straightforward or complex. Credit needs to be given
for the research necessary, which is not easy to come
by because you need to collect evidence dating back a
number ofyears. Cars are a popular topic, because the
prices are readily available from used car guides.
Some students will be able to take into account
inflation as well as the raw figures. You may need to
encourage students to be fairly focused so that they
can do calculations and work out percentage changes
etc. Otherwise their work becomes too vague and
general.



ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 2
This is a popular and accessible task for most
students. Credit needs to be given for the research
required, because many students at Key Stage 4 know
little about the cost ofliving.

In the following extract the student decides to work
out her boyfriend's cost ofliving, and they are
obviously both surprised by the mismatch between his
estimates and actual expenditures. She concludes by
giving him good advice! She can 'design a task and
select appropriate mathematics and resources; check
information and obtain any that is missing' (NAT 11
6a), 'use written forms to record and present findings'
(NAT1I6b) and 'define and reason in simple contexts
with some precision' (NAT1I6c).
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Other students enjoy inventing a fantasy life for
themselves, which is appropriate provided that they
base their work on realistic estimates of the cost of
living. In this first extract the student outlines his
plan for the task.
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He then works out the detailed cost ofmortgage,
heating, running the car, replacing household goods,
as well as the items mentioned in the following
extract, in which he is working out that he cannot
afford to get married unless his wife works too. (His
cost ofliving is £13 820 per annum and the £13 910
figure is his annual income after tax, national
insurance and other deductions.) This student is
working at level 7 because he can 'work methodically
within an agreed structure; use judgement in the use
ofgiven information' (NATll7a).
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Further Coursework Task 5
Once the students have collected the information they
need for the task they still have a lot ofwork to do
sorting it out, and converting it into therms, so that
they can make comparisons between different sources
of energy. This task provides students with the
opportunity to apply a wide range ofmathematical
knowledge and skills.

In the following extract, the student begins his work
by providing all the relevant information about his
house and family.
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He then records, and calculates in therms, the gas and
electricity consumption for his home over a period of
20 years. He also works out the moving average of the
total consumption. The following two extracts show
part of this work and part of one of his graphs.
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It is said by some people that everyday tasks are not
suitable for students who are able at mathematics.
However, this student has taken the opportunity to
learn new mathematical skills (moving averages) as
well as make good use ofhis existing knowledge. He
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can 'design, plan and carry through a mathematical
task to a successful conclusion' (NATl/9al) and 'define
and reason' (NATl/9a2).

This task may also provide opportunities for cross-
curricular work. The following extract is from the
work of a student who linked his task with work he
had done on energy in the Third World in his
humanities lessons.
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Further Coursework Task 6
In the following extracts a student is looking at car
depreciation. He begins by defining what he means by
depreciation, by making use ofhis knowledge from his
work in other parts of the curriculum.
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He goes on to consider depreciation of cars and takes
care to match similar or contrasting groups of cars, so
that he can make comments on the reasons for
differences in depreciation between different makes
and types of car.
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This second extract is just one part of an analysis of a
wide range and variety of groups of cars. This work
could have been improved ifhe had attempted to take
into account the rate of inflation since 1986.
Nevertheless, he can 'devise a mathematical task' and
'work methodically, checking information for
completeness; consider whether results are of the
right order' (NATl/8a) and 'define and reason'
(NATl/8b).
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Relevant Review
Exercises

National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

page 117
page 125
page 128
page 132
page 277analysis

NAT1; 2/4a2; 2/4d2; 2/7b1; 2/4d1; 2/5c1; 2/5c2; 2/8c; 3/5b2
3/8a1; 3/10b; 4/4d1; 4/4d2; 4/5d1; 417d1;417c

Accessible to
all students

b

Somewhat
harder

Mote
difficult

INTRODUCTION TO THE TASK: HINTS

easier: 1
more'difficult: 3, 4

This activity sets the scene for the task and,
incidentally, provides consolidation and practice of
work on area and perimeter. It is appropriate for the
whole class to work at the activity for one lesson and to
share results. It might be wise to restrict the time
allowed to one lesson, because some students can
waste time drawing random shapes and never finding
an equable one! So students will benefit from
considering the techniques developed in Section A.

We suggest restricting attention to shapes which
can be drawn on squared paper. Some students can be
encouraged to justify such hypotheses as that there is
only one equable square. Instead of solving x2 = 4x for
this, it might provide greater insight to argue about
how area is changing compared to the perimeter (the
idea of the area graph and the perimeter graph
crossing once, apart from at the origin).

SECTION A: ANSWERS

1 (a) 1 (the 4 by 4) (b) 1 (the 6 x 3)
2 No, because perimeter is twice the length plus

breadth.
4 (a) Only the sides of the bump are extra. (b)

Because area and perimeter are increased by 2.
5 (a) No (b) Because the bumps touch each other.
6 In order to get back to your starting point you

have to go down the amount you went up, and left
the amount you went right.

7 (a) P = 21.2; A = 20.8 No (b) P = 32.6; A = 32.2
No (c) P = 25; A = 25 Yes (d) P = 28.8; A = 28.8
Yes

8 3.33
10 (a) 10 + 2a (b) 5a (d) a = 3.33 (e) 16.67
12 (c) (i) 4.67 (ii) 3.14

2.x
13 (b) y = x- 2 (d) It goes off to infinity

(e) Lengths of2 or less (I) The graph suggests
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they are big and getting bigger quickly (actual
values are 42,402 and 4002).

SECTION B:ANSWERS

1 (a) 2 em, 4 em, 8 em (b) 6.3 cm, 12.6 cm, 25.1 cm
(c) 3.1 em", 12.6 em", 50.3 cm2 (d) Circle 2

2 (a) 6 em by 3 em, 7 em by 2.8 em, 10 em by 10 em,
7.6 em by 5.7 em, 11.4 em by 9.1 em (b) 18 em,
19.6 em, 40 em, 26.6 em, 41 em (c) 18 em",
19.6 cm2, 100 cm'', 43.3 cm'', 103.7 cm''
(d) Rectangles 1 and 2

3 (a) 2.3 ins. by 1.2 ins., 2.8 ins. by 1.1 ins., 4 ins. by
4 ins., 3 ins. by 2.3 ins., 4.5 ins. by 3.6 ins.
(b) 7 ins., 7.8 ins., 16 ins., 10.6 ins., 16.2 ins.
(c) 2.76 sq ins., 3.08 sq ins., 16 sq ins., 6.9 sq ins.,
16.2 sq ins. (d) Rectangles 3 and 5.

4 (a) For 1, P = 24cm,A = 24cm2
. For2, P = 24cm,

A = 24 em", For 3, P = 31.4 em, A = 78.5 em",
(b) For 1, P = 9.5 ins., A = 3.7 sq ins. For 2,
P = 9.5 ins., A = 3.7 sq ins. For 3, P = 12.6 ins.,
A = 12.6 sq ins. (c) 1 and 2 are equable for
centimetres, and 3 for inches.

5 For A, A = 20, P = 18. For B, A = 18, P = 18.
For C, A = 19.6, P = 19.6. Band C are equable.

6 (a) 30, 33.75, 33.6 (b) 30, 30, 33.6 (c) A and C
7 2
8 (a) P = 10.28, A = 6.28 (b) 3.27
9 (a) P = 25.8, A = 27 (b) P = 24.3, A = 22.5

(c) 5.60
10 6.67
11 (a) P = 4Vx2+ 16,A = 8x (b) 4Vx2+ 16=8x

(c) 2.31 (d) 18.5
12 (a) P = 6 + 2Vh'2+9, A = 3h (b) 6 + 2v'h2+9 = 3h

(c) Equation simplifies to Sh2- 36h = 0;
h = 7.2 (d) 21.6 (e) P = 6 + lx, A = 3w=9,
equation simplifies to Sx2- 24x - 117= 0, giving
x= 7.8

13 (a) 5,12,13; 6,8,10; 6,25,29 (b) 7,15,20; 9,10,17
14 6.2

SECTION C: ANSWERS

1 (a) P = 38, A = 26, No (b) P = 32, A = 33, No
(c)P = 42,A = 48, No (d)P = 48,A = 48, Yes

2 (a) Remove a 1 by 1 square (P = A = 24)
(b) Remove a 3 by 3 square (P = A = 40)

3 (a) Remove a 2 by 2 square (P = A = 36)
(b) Remove a 4 by 4 square (P = A = 50)

4 (a)P=32,A=32 (b)P=40,A=43 (c)A9by5
rectangle (P = A = 40)

5 (a)P = A = 16nor50.3, Yes (b)P = A = 12nor
37.7, Yes (c) P = 9n or 28.3, A = 11.25n or 35.3,
No

6 For A, P = 42, A = 24, No. For B, P = 52, A = 52,
Yes

7 (a) and (b) 20 + 8n or 45.1 (c) Yes
8 (a) 64 - x2 (c) 4
9 (c)x+ y= 17;x= 9.5,y= 7.5

10 (b) All values ofx
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11 (c)~
12 (a) A = 24, P = 20 (c)~
13 x= 0.83
14 lx2 - 6x - 21 = 0; 5.07 by 10.14
15 (a) x2- y2 (b) 4x + 4y
16 (a) n(r2 - 52) (b) 2n(r + 5) (c) 2•FURTHER COURSEWORK TASKS

I) Design some interesting equable shapes. You might wish to include

(5'",m~ 100 I<) ~
We wondered whether this task should be considered
'neutral' rather than 'easier'. Students could do
advanced work from this very open starting point, but
they are likely to find a more focused task helpful (see
FCT3).

If squared paper is used, this task offers students a
fairly straightforward opportunity to show
originality. Encourage students to include 'failures'
produced on the way to developing final designs. The
task provides an opportunity to make, and
communicate, decisions about
the definition of perimeter. For UJ
example, can you have - I -
'whiskers' or lines inside shapes
counting as part of the
perimeter (and do they count
once or twice)?

It will help students to design equable shapes if they
are aware (having tackled questions in Section C) that
shapes with holes are equable if the 'border' width is 2.

Isometric paper can be used instead of, or as well as,
squared paper. Ifit is used, take the unit of area to be
the area of the smallest equilateral triangle.

2) Question 3 of Section A was about adding a bump to an equable shape so
that the new shape obtained was still equable.

The bump suggested for that question is not the only shape of bump that
can be used for this purpose.

Here are some other bumps that could be used, and there are many more.
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Find other bumps which could be used. Explain how you know that your
bumps will work.

Classify your bumps according to the length of the join. You might like to
try to find all the possible bumps for a given length ofjoin. How do you
know when you have found them all?

It is fairly easy to get started on this task. But
knowing that you have found all the bumps ofa
particular type (e.g. of a particular size) is harder.
There are many ways ofworking at this task and
students might need help to focus their work rather
than producing a large number ofvalid bumps at
random. There is an opportunity for students to justify
why their bumps work, perhaps using arguments
similar to that of question 4 in Section A.

Some students might want to explore what happens
when bumps interfere with each other, as in question
5 ofSection A.

3) A solid shape could be called equable ifits surface area is numerically
equal to its volume.

Find some equable solids.

Explore equable solids of a particular type in more detail. For example,
you might want to write a computer program to find equable cuboids with
edges which are integers.

This task provides the opportunity for the use of any of
the following: Spread or a spreadsheet; computer
programming; hard algebra. There are very many
avenues to explore: students will need to focus their
work and look at some aspects in depth.

The equable cube is perhaps an obvious starting
point. Trial and improvement, or solving x3 = 6x2

,

quickly leads to an edge of6. The equable sphere
(radius 3) fits exactly into the equable cube (compare
with the two-dimensional result in FCT 4).

Hollow cylinders are equable if they have a radius of
2 and any height. Solid cylinders, on the other hand,

are equable if h = (r ~ 2) There is an interesting

link here with equable rectangles.
Finding all the (finite number) ofequable cuboids

with integral edges is hard, but not impossible if you
have programming skills. (Proving you have all the
solutions is considerably harder.) A suitable BASIC

program for generating cuboids with edges ofintegral
length is the following:

10 FOR M = 1 TO 50
20 FOR N = 1 TO M
30 FOR P = 1 TO N
40 IF 2*(M*N+N*P+M*P) M*N*P THEN PRINT M,N,P
50 NEXT P
60 NEXT N
70 NEXT M
80 END

An alternative approach is to find particular equable
cuboids (e.g. with dimensions 4 by 5 by x or 8 by 11 by
x). These will not necessarily have edges of integral
length.

A twist to this exploration is to find equable lidless
boxes with (or without) edges of integral length.

One line of exploration is to take two cuboids made
(conceptually, perhaps) of interlocking cubes, e.g. 6 by
7 by 6 and 2by 3 by 4, and work out how to join them
together to make an equable model. In the case
suggested, you join them by a 4 x 2 overlap.

Students can also investigate adding bumps to
equable solids which leave them equable. Possible
bumps are 4 x 4 x 1 and 6 x 3 x 1 cuboids; but many
other possibilities are worth exploring. The key is that
the cross-section of the bump is itself equable
(although this restriction can be removed if the bump
is not ofuniform thickness).

Equable cones, pyramids and hemispheres can be
explored using algebra or using Spread or a
spreadsheet.

4) Explore the relationship between the equable circle and other equable
shapes.

Any polygon which circumscribes the equable circle is
equable. This is fairly straightforward to prove (see
the examples of students' work on page 70). However,
students are likely to do some interesting exploration
before they come up with this general result.

The converse of this result is not true. There are
equable polygons which do not circumscribe the
equable circle. Rectangles are examples. The equable
circle can never fit entirely inside an equable polygon
unless that polygon circumscribes it. Students might
be able tojustify this result too.

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 2
Students can use the idea ofbumps to generate further
examples ofequable shapes. The student quoted below
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either misunderstood or chose to ignore the definition
of 'bumps' suggested in the student's book.
Nevertheless, she has managed to devise and
investigate shapes for herself, showing that she can
'select mathematics to use for a task' and 'work
methodically' (NATl/5al).
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In the following extract a student is looking at bumps
ofdifferent shapes and working out how to find which
bumps will preserve the 'area == perimeter' property.
She can 'use "trial and improvement" methods; review
progress' (NATII7 a) and 'follow a chain of
mathematical reasoning' (NATll7c).

now titM shafe u,n5;- ~k.

7Ju c::krtCeci ~ is ?J~e tiu 'bu..wt1/ i6 a.dcU.d So / haN-e

«sed a bvvmp Uuvts jo-ined' on b!J two s~e~ 50 t; m..aJ:.e
ti1.e slut..fe ~fR / ha.-ve w cu;lci thou. 2 tM..u.t, 0 I' fu
pe¥'~ ./ C«/'t" aw~ (jcri..n..ecl) bac« on scrrn..ewhue..

Lds say knes A M101 B ~e 'repta-cea ' t;/uJs.e. 2 ~5,

!V0h! / ha-re 4- u..ne~o-t p~VW7e.ar !.Lft #u~ means to
rna...-K.e ~ f1.RM} 5hap ec/ ~I.e / Mso ha...-ve tc3 ad c/

4 5~es. 8vvt: I haA/~, Fve ~ a..dc4I 3· (/ f 1j074

t#1t:fM..'d:a ..nl a..t..I of' #Jed ljt7Ur~ ~:J weII/)



t'VcnJ/ / '// tr!j to ~(J!~ ~ #te -f'crtI~j shcvpf?
is etpu.aiJ f£ . . . .

The bt#nf L5 a;t;tached b!J 2 knes
f1 a.-vvd 8. agakn reptac£ tIw~ ~5

so aUof)~ / ha-ve 10 ~ t.e.{C
/ hcvYe c:U.1o cult:iec/ / O. b~s.

so thdshq,pe sUujs ~!tz. / hare addtullO
tMu..s cvnd /0 s~e§. T/u'!' b~ces d;" a£I
ouit , KewU<j / hM"eadcfecl /2 ~.s !Jut- 2
hc:vY'e to reptace t;;:tw. ones that- were us..ed.;:'o--r
~ jOirJ.

Another student found a rule for generating bumps
which preserved the equable property. Here she is
considering bumps consisting oftwo identical
rectangles which overlap by two squares, which
(judging by her concluding remark) she probably
developed from the original 2 by 1bump suggested in
the text. She can 'devise a mathematical task' and
'follow new lines of investigation using alternative
approaches' (NATll7a).
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Further Coursework Task 4
This task might seem quite easy once you have sorted
the ideas out, but considerable research is likely to be
needed to spot what is happening. This student
started his work by looking back at the various
equable shapes he had found, and used accurate
drawings to show that some of them circumscribed the
equable circle.

These drawings helped him see the proof of the
general result that any polygon circumscribing a
circle is equable (see the extract below). In this extract
he also demonstrates that the converse of the theorem
is not true. He can 'plan and carry through a
mathematical task to a successful conclusion' (NATlI
9al) and 'prove and disprove and use counter-examples'
(NAT1I9a2).
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National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

neutr~il:l
easier:
more difficult: 2, 3, 4

INTRODUCTION TO THE TASK: HINTS

A goodway of introducing this task is to do it yourself
first, and then to show students each stage: the cube
with the lines drawn on it; what happens when you cut
it; how you flatten it out; and how you think about the
missing faces. It takes several lessons for many
students to develop facility with this. Once students
have made a good start their models can be put on one
side (perhaps in an uncompleted state) and perhaps
return to it when the FCTs are tackled. Through
working on questions in Sections A and B students
will improve their understanding and be helped to
construct more complex models than they originally
thought of.

At first students tend to use a lot of trial and error in
producing their nets, but gradually they adopt a more
systematic and mathematical approach to the
problem. Don't rush them! It helps most students if
they work in small groups. Although doing their own
nets, they all have similar problems to solve and by
helping to sort out other students' problems students
learn how to sort out their own.

SECTION A: ANSWERS

1 (a) The other 10 nets are: ~ ~

+~~~
P ~thRrV

(b) See above (- - - - one cut/ ~ second cut/third
cut is not shown)
(c)(i)One face missing (ii) Five faces in a row
(iii) Two tops

2 (a)(i)Yes (ii)No (iii) Yes (iv) Yes (v)No
(vi) No (b)(i) No (pairs of opposite faces are the
same) (ii) No (once you have four square faces
the other two have to be square) (iii) No
(see (i) (iv) Yes (see (a)(iii) (v)No (see (i)
(vi) Yes (see (a)(iv»

4
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There are other possible nets.
You could also have any plane cut which passes

through the centre ofthe cuboid (but students are
likely to choose the four shown above).

5 (a) (A 75)

There are other possible nets.
(b)

There are other possible nets.
6 (a)~ (ofa3 X 3 x 3 cube) (b)~ (ofa4 x 4 x 4

cube) (c) i (ofa 3 x 3 x 3 cube)
(d)-ls (ofa6 x 6 x 6 cube)

7 There are other possible nets.
8 (a) There are other

possible nets.

For a 4 x 4 x 4 cube

(b) There are other possible nets.

9 For a tetrahedron ofedge 2 units.
There are other possible nets.

10 Yes. It has point symmetry about its centre.

SECTION B:ANSWERS

1 (a) 500 ern" (b) 400 cm2

2 (a) 576 em", 1152 em" (b) 480 ern",672 cm2

3 (a) 125 em" (b) 600 cm2 (c) 150 cm2

(d) 1200 cm2 (e) Answer to (d) is twice answer to
(b), because each little cube has half its faces new.

4 (a) (i) 7 (ii) 4 (iii) 28 (b) No, because you create
the same additional surface area with each cut
wherever the cut is.

5 (a) 171.5 em" (b) 216 cm2

6 (a)2 (b) 384cm2, 768cm2 (c) 288cm3, 1440cm3

7 (a) 121.5 em", 607.5 em" (b) 192 cm'', 435 cm2

8 (a) 14,24,12 (b) 21 em" (c) 833 cm''
(d) 473 cm2

9 (a) 62 em" (b) 27° (c) 34° (d) 108em", 0
10 (a) Centre ofcube (b) ~ v'3 = 0.87 (c)i (d) ~

(e) 35° (f) 45°
11 (a) 0.87 (b) 1.73 (d) 0.58 (e) 0.82 (f) 0.12
12 (a) 0.06 (b) 1.22
13 (a) 1.12 (b) Smaller
14 (a) 0.87 (b) 0 (c) V2 = 1.41 (d) 0 (e)(i)1.22

(diagonals are V3 and V25 (ii) 78°and 102°
(f) 1.30 (g) 1.41 (rectangle) (h) 1 (square)

FURTHER COURSEWORK TASKS

I) Make a cardboard model of a dissection of a cube. You can dissect the
cube into as many pieces as you wish.

Here are some ideas you might want to think about when choosing what
dissection to make.

• You might want to dissect the cube into shapes that you think are
attractive.

• You might want to dissect the cube into several identical pieces.

• You might want your dissection to be symmetrical in some way, or to
produce pieces which are symmetrical.

• You might want the pieces to all have the same volume, but to be
different shapes.

• You might want to create a kind of 3-D jigsaw puzzle, in which it is
difficult for someone else to know how to fit the pieces together.

Write about how you chose your dissection, and about how you made it.
Include nets for the pieces. Also include failures, and try to exlain in what
ways you went wrong, and what you did to correct your mistakes.

Students can use the work they did in the introduction
to the task as a starting point. Having tackled
questions from Sections A and B they might nowwant
to move onto something more ambitious, but the work



on the introduction to the task can be included to show
how their ideas developed. If students are encouraged
to use their initiative they can produce amazingly
complex dissections. As the work progresses it
becomes increasingly difficult for the teacher to help,
because students have a much better grip ofwhat is
going on, having developed their ideas for themselves.
The teacher has a useful role to play in encouraging
some students to be more ambitious, persuading
students to keep their 'failed attempts' so that they
can write about how they overcame their problems,
and persuading some students to calculate (perhaps
using Pythagoras' theorem or trigonometry) rather
than measuring everything. More mundanely, but
equally importantly, teachers need to provide
students with polythene bags and boxes, so that work
can be stored between one lesson and the next.

Some students will prefer thick paper to card for
their final model. Thick paper is flimsier, but easier to
work with. Students can be encouraged to make an
'outer cube' into which all the pieces ofthe dissection
will fit.

When working on this task there are times,
particularly near the beginning, where progress
appears slow. But students seem suddenly to gain
inspiration and confidence, and then they take off!

2)

Questions 2,3,4 and 6 of Section B are all about slicing a cube
into cuboids.

Explore this situation further.

If you cut a cuboid into two cuboids, you
might want to consider how to make the
surface area of one of the cuboids p times
the surface area of the other.

You might want to consider several different ways of cutting a cube
into two pieces so that one piece has twice the volume of the other.

or three times the surface area of the other.

The task refers to questions from Section B. These
questions help students to get started. Some students
might be able to obtain general results (see below).
The ideas provide scope for the use ofalgebra,
trigonometry, and area and volume results. Only
some students will be able to produce generalisations
expressed algebraically. Other students will move
towards them through a series ofnumerical examples
(see students' work in the next section).

Question 4 is about slicing up a cube so that the
total surface area is k times that of the original cube. If
one face ofthe original cube has an area of I , each cut
adds 2to the total surface area. So if there are Ncuts
the total surface area is 6 + 2N. Thus 6 + 2N= 6k,
which gives N= 3(k - I).

Question 6 is about cutting
a cube into two cuboids so
that the surface area of
one is p (which can be
assumed to be greater than 1)
times that of the other.
When an edge of the cube is
ofunit length,
4( I - x) + 2 = p( 4x + 2)
(see diagram). This leads to

-~
x- 2(p+l)

which demonstrates that p must be less than 3. When
p = 2the ratio of the volumes is 5, which might
surprise many students. This might encourage some
to obtain the ratio of the volumes q in terms ofp. In
fact,

-~
q- 3(p-l)

and students could include the graph of this function
in their explanations. (See also students' work in the
next section.)

Sloping cuts as suggested at the end of the FCT and
in question 9 of Section B, prove more demanding, in
terms both ofvolume and of surface area.

3) Investigate the different sections of a cube (the shapes you create when
you cut a cube with a plane cut).

Here are some ofthe questions you might want to explore.

• What are the ways of getting a triangular section?

• Is it possible to get all types of triangle: equilateral, isosceles, scalene,
acute-angled, right-angled, obtuse-angled?

• How do you get a section which is a rectangle? Or a rhombus? Or a
parallelogram? Or a trapezium? What types of quadrilateral section
are possible?

• What type of pentagonal or hexagonal sections are possible?
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Your write up could contain sketches or models of the sections, and also
explanations of why the sections are the shapes they are.

Focusing from the outset on the shape of the section
(the missing face of the introduction to the task) is
probably more difficult than focusing on the pieces
obtained from a dissection. The task is most likely to
appeal to students who like thinking about geometry
in their heads.

A section is always a polygon. The number of sides
of the section depends on which edges are intersected
by the cut. If three edges are intersected you get a
triangle. (The only way this can happen is if the three
edges meet at a common vertex). If the plane of the cut
is perpendicular to a pair of faces of the cube (in other
words, ifit is vertical when the cube is placed on a
horizontal table) the section is a rectangle. If the cut is
parallel to a face then the section is a square. But
there are also other ways of getting a square.

Is any rectangle a section of a cube of suitable size?
This suggests another line of enquiry. Given a
rectangle (say a 3 by 2 rectangle) what are the largest
and smallest cubes which have this rectangle as a
section?

You can also get a parallelogram or a rhombus (see
question 14(e) in Section A).

Pentagons and hexagons can also be obtained and,
in particular, the regular hexagon but not the regular
pentagon.

Specifying the shape of triangle you want and then
finding out how to cut the cube is a tough assignment,
involving the use ofPythagoras' theorem (and
perhaps also the sine and cosine rule if angles are
specified). Symmetry can be used to see how to get an
equilateral triangle. Symmetry arguments also
explain how to cut the cube so that an isosceles
triangle is produced. If you want to get a triangle with
particular side lengths 0, band c (say 4, 5 and 6) you
can proceed as follows.
u2 + v2 = 02 = 16
v2 + w2 = b2 = 25
u2 + w2 = (2 = 36

This gives u2 = ~ v2 = Q2' 2
and w' =~ .

Using the same three equations
it can be shown that 02 + b2 > (2, so
that only acute-angled triangles can be obtained.

These are just some of the avenues which could be
explored. Encourage students to present their work as
a combination ofintuitive insights (supported by
appropriate sketches) and logical, perhaps algebraic,
reasoning.
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4) Make a cardboard model ofa dissection of some shape other than a cube.
Or alternatively, write about the different ways of dissecting some other
shape.

You could, for example, choose to look at dissections of a tetrahedron, or a
cylinder.

A tetrahedron dissected into four
identical pieces.

The approach of the introductory activity can be used
for this task. Students are likely, because of
unfamiliarity, to find it harder to visualise dissections
of solid shapes other than the cube.

A regular tetrahedron can be dissected into two
identical pieces in many different ways. The most
obvious way is, perhaps, to use a plane of symmetry.
An alternative, which is indicated in the drawing in
the student's book, is to use a plane which passes
through the midpoints offour edges (this produces a
square cross-section). The second method has the
advantage that a second such plane will cut the
tetrahedron into four identical pieces. (Actually any
plane passing through the midpoint ofone pair of
opposite edges cuts the tetrahedron into two identical
pieces. This is because the tetrahedron has half-turn
symmetry about the line joining midpoints of opposite
edges.)

An oblique cut of a cylinder produces a cross-section
which is an ellipse. But the top edge of the net for this
cut is a sine curve.

Height is proportional to the x-coordinate, which is
r sin e. When the cylinder is unwrapped the distance
across the net is proportional to e.



ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 1
Students can include the nets they use to make each
piece of their dissection, together with a sketch of that
piece. This extract shows some of the pieces a student
had to make for her dissection. Her work is correct, if
not very detailed. She can 'design a task and select
mathematics and resources' (NAT1I6a) and use 'visual
forms to record and present findings'
(NAT1I6b).

1r1'~vJ.M' ' Che.ek \;~(>€.. x.)..

(&1<.EFN-+
Q:.L\..\E)

Students who have chosen a complicated dissection
with a large number of pieces can use 3-D sketches to
show how all the pieces fit together. For such
dissections students are going to have to 'devise a
mathematical task; work methodically within an
agreed structure' (NAT1I7a) and 'follow a chain of
rnathema tical reasoning, spotting inconsistencies'
(NAT1I7c).
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F

In the following extract the student starts with a 3-D
sketch of her dissection and then develops the net from
the lines drawn on the cube, as suggested in the
introductory activity. Her explanation is somewhat
flawed, although her final net is correct. She can
'devise a mathematical task and make a detailed plan
of the work; work methodically, checking information'
(NAT1I8a).
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This task gives students the opportunity to show that
they can 'design, plan and carry through a
mathematical task to a successful conclusion' (NATlI
9a). This extract is part of an account which clearly
explains how a number of nets for pieces forming a
complex dissection are developed.
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Further Coursework Task 2
Probably the easiest way for students to get started on
this task is to consider a series of special cases. In the
following extract the student is considering how to
divide cubes of different sizes into two cuboids so that
the surface area of one is twice that of the other. She is
also looking at the volume of each cuboid. The extract
is one of a series of similar examples. She can 'work
methodically wi thin an agreed structure' (NATII7 a)
and 'follow a chain of mathematical reasoning'
(NAT1I7c).
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In the following extract another student has gone a
stage further and noticed that you always need to cut
off ~of an edge to make one surface area twice the
other, and that then one volume is five times the
other. She proves this using algebra. She can 'work
methodically, checking information' (NATl/8a) and
'prove and disprove' (NATl/8b).
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]
A different student extended the problem further and
considered different ratios for the surface areas of the
two cuboids. He realized that it was only sensible to
consider ratios p:1 for which p < 3. In this extract he is
working out one surface area as a percentage of the
other for values of p between 1 and 3 in steps of 0 .1. His
cube has edge length Y and a piece oflength X is cut
off.
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D~i.d£ boPh stdzs bfj 3. [5
Y ::::::2. 2/ X
X C0 a f'(7r~e 01 Y = 1-~ Z%

yo/ti-os or 5u-r-~ areq; -= 7: 1· 2..
PU,ce ~e Y - X is ~ ~ ?lju;e ~ X is #u widdt
4-Y(Y-X)+2YZ. ==-1.2 X 4-XY+2YZ.
~e -ttw Ora.ohvh
612 ~ 4-XY 4·8XY+ 2. 4-Y:z..

/ld<:l 4X/to 60Pft ~§

612. [f.8XY +2.4-12.
T cvke. 2. 4- yz from bcrt1J S/~.s
3· 6YZ. = ?f.8XY
oW-ide berth Yides by Y
3. bY ;::. g·8X
p~·cU bM ~5 b!J 3.6
Y :::::.2.4-1-'rX
X a-s a. ;:;e-r~a:Je 01' y == 4-0. q %

He then goes on to plot the graph of the percentages
against p. He finally gets a general result for any
ratio. Even though his use of algebra is somewhat
unorthodox this work shows that he can 'carry
through a mathematical task to a successful
conclusion' (NAT1I9al), 'prove and disprove' and 'use
symbolisation' (NATl/9a2).

FINf)/NG THE FORMULA

Z 5ha-U n<JN "tnj to fw-td a IarI11«i.a so I VM1 W(J{K ou.t 1iw \IX M a perCP'...tage
of Y"..from t;Iu '~at"ws of sfN'l"face areas" w1w1 flh.e. II radios of sur/ace areaS
ih 1/ R. I .5Judi tafa tne. pcece arhere X fA tk widdt to be 11 CX/Yld tk p l..eC€

~ Y - X is ~ wicUh to be B. So tItR. rario is f1: B.

17 = 7 -/rff 13 to be J. 5/ 2. OJ 2.5 ea:
B =- 4-'7'2. - 4-XY + 2'12-

Dwided b!j tit.e. area. of A w1U,d7 0 :- 4-xy + 2 y2-
4-Y2--4.-XY -t- 2YZ. (8)

4-X-Y + 2Y2 (A)
50r!p?if1j thi5



6y2 - 4XY (8)
4-XY + 21'2 (A)

If I 50nf?ilij tizjs eq,udUm ~ so as ts m.ake ij; easie« W scrWe,
I Ct#1 teft witIt -t/U6 .' -
2'/ (3 y - 2X) (B)
2,( ( 2X + 'I) (11)

!Jwide top a¥1c1 bcltCom btj 2 Y CU1d t7ha:t gwes --t/tJ- compfdecl hnuda.
31' - 2)( (8)
2X + Y (A)
I shatllUJ1.V 'tnj tJ.tjo on an exampk tJwtt lA)<ffk it oia: t,.V;J1j atgeiJrrl.
W see t'f it is CO/fPd:.

EXM11(Jh if B ::: 1. 75 (ie. I· 75: I)
!·75 ::: 3'7 - 2 X

2X + Y
Mutt-~ty bCJti1 5 Utes bJ 2X -t- 'I
/·75 X(2X+Y)= 3Y- ZXx.2X+Y

2X+ r
Ccmw vh.t 2X + Y 0# -!Yom top cmd bo1/tirm
1.75 X (2X + Y) == 3Y - 2)(
3· 5X + 1· 75Y==- 3Y - 2X
,4dcl 2 X to po17h S"lCXes
S.5X -{- 7. 75Y==- 3'1
TaJ.::£ 1· 75"'1 -fr(Jn1 hCJtiJ 5~

f). 5X ::: 7. 25 Y
X::::22.7%o-lY

.T shalf now V?2nfj tlte -f'Otnuda 3'7 - 2)<.

zx + y

Rat';os of's{..VylOc..e. areas = t : /. 75
Pu.u ~f2 y- X IS fu wIdth P~ce ~e X /5 tne w;dt:i1
4- V( Y- X)+ 2 Y Z z: /. 75" y: 4- X Y + 2 Y z,

Rem 0 V€ -tk bracJ<..e;ts
6yz-4-xY - 7/(Y+3·5Y2-
Add 4XY to bath 51C1as
6y2. - I/XY+3.5YZ-
T a Ice. 3. 5 Y 2. -h--om berth 5/~5

2.5 y-z. _ Jlxy
O;vid...e )Jod; stae: h!j Y

2. s-y' zz: ;!XY
o I VIc&. bct:i1 51dRs hlj 2 5'

Y = 4·4X
;< as a pM't'.erz.ia:J<2 0(')I =- 22. 7%

Sa t;I;c2 -f;~q t-VC15 YI:Jh1. But; JUS t: as c::u-r e.;ctrQ vefi/ccdioy;
I shad no «) dra.<N on #he pr0V/~S ~raph p!rlTvn,' ~ poin£
I- 75' c:UC7Y7@ &tte X ax/) ft;, see / f'd' /s 22 7% (refer to :Jraph)
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National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

neutral: 1,2, 3
easier:
more difficult: 4

INTRODUCTION TO THE TASK: HINTS

Perhaps start the work in small groups and then get
students to feed their ideas into a general class
discussion. It is important to clarify the notions of
regular, nearly regular and irregular repeating
patterns. It is not always easy to decide which
category a happening belongs to.

Some results
Graph Happening

I C
2 LorO
3 EorK
4 M
5 A
6 I
7 KorO
8 N

The graph for happening B is:

The graph for happening Dis:

The graph for happening His:

The graphs for the other happenings will vary.

SECTION A: ANSWERS

1 (a) 84 (b) 84
2 lisB,2isD,3isA,4isE,5isC
3 (a) Variable

(b) i A .

olv\/\/\
(C)~

(e)

(d)
•

4 (a) Every day, every year (b) Day is right, because
each day more or less repeats the last, though very
different between June and December; year is
right, because this is when the cycle repeats
exactly (more or less).

5 (a) 4380 (4392 in a leap year) (b) It is daylight for
half the year (c) Yes; long and short days balance
out.

6 (a) 1is height, 2 is angle. Because the angle
changes uniformly, whereas height changes
fastest when basket is halfway up (b) At the
bottom (c) Level with Con the right on the way
up; level with C on the left on the way down;
because this is where the height is changing fastest.
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7 (a) (i) 5 m (ii) 8.7 m (iii) -8.7 m (minus sign means (c)
below the centre) (iv) 6.4 m (b) 180° (sin 180° = 0)
(c) (i) 10 m (ii) After 90° (10 x sin 90° = 10)
(iii) Greatest value is 1.

1 (a)

a
1 -I -I- I- 1 -I

SECTION B:ANSWERS

(b) 90° (c) If the dot is ignored the square looks the
same after every topple; if the dot is not ignored
the square looks the same after every four topples.

2 (a)~·D. 01----------=,-1
(b) 90° (c) Every two topples ifdot is ignored;
otherwise every four topples.

3 (alAl\A/\A
(b) 120° (c) Every topple if dot is ignored;
otherwise every three topples.

4 (a) (b) 90° or 180°
x

5 (a) (b) 1320°
(c) 24 (if you take account
of the dot)

6 (a) (b) 900°
(c) 12 (if you take account
of the dot)

7

I "[YW

(b~

• • •
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9 (a) 1?EftVt'1
(b)

10 (a) 8 em (b) 8.9 em (c) 10.7 em (d) Yes,
because the cycle repeats after four topples and
the path includes each corner.

11 (a) 12 em (b) 14.0 em (c) 16.4 em (d) Yes; there
are two possible loci: one is the mirror image of the
other.

12 30.3 cm for two corners and 34.0 em for the other
two corners.

13 (a) (b) (c)

(d) 12.6 em (e) 16 em
14 (a) Circle has turned round once, and so rolling

pattern repeats (b) (i) Rolling to the right through
50° (ii) IfP starts to the right of 0 it is the same
distance to the right of 0 after rotating x clockwise
as it is after rotating x anticlockwise (iii) P is the
same distance above 0 after rotating x
anticlockwise as it is below 0 after rotating x
clockwise. (c) The graph ofy = cosx is the graph of
y = sin x translated 90° to the left.

15 (a)0.34 (b)0.71
16 (a) At the same point as P (where the tangent

meets the circle) (b) A very long way up the
tangent (c) A very long way down the tangent
(d) Back at the starting point (e) 2.7 (f) 1
(g) Negative means below the level ofO.



FURTHER COURSEWORK TASKS

I) Investigate what happens when polygons are rolled round other
polygons.

~~-J 0 tJ vc=
There are many questions to explore. How many times does the toppling
polygon need to go round the fixed polygon before the pattern repeats?
How far does each vertex of the toppling polygon move? How far does the
centre of the toppling polygon move?

If you explore systematically you might discover some rules about the
answers to these questions. For example, you could look at squares
toppling round rectangles; or triangles toppling round squares; or
triangles toppling round triangles; or regular polygons toppling round
identical regular polygons.r~lrl
T"""" toppling round '0"".' L J

Regular polygons toppling round identical regular polygons.

The first thirteen questions ofSection B are a good
preparation for this task and for FCT 2.

This is a very rich task, which is suitable for
students at any level: its difficulty depends on the
chosen focus. Students will need to focus on one
thing to look at in detail; otherwise they might
produce a lot ofpretty drawings but few patterns or
generalisations.

The results which followtook a lot ofresearch to
discover. Students need to be rewarded for the work
they put in to their own research.

Here are some possible lines ofexploration.
After how many circuits does a shape, rolling round

another shape, get back to its exact starting position?
A 1 x 1 square rolling round an n X nsquare always

takes just one circuit. The total number oftopples in
one circuit is 4n. 4 ofthese are through 180°and the
rest are through 90°.Sothe total angle oftopple is
360(n+ It.

A 1 x 1 square rolling round an m X nrectangle does
not necessarily get back to its starting point after one
circuit. The total number oftopples is 2(m + n). 4 of
these are through 180°and the rest are through 90°.
Sothe total angle oftopple in one circuit is
180(m+ n + 2t. The square will be back at its exact
starting position if this is a multiple of360, or in other
words if m+ nis even. If m+ nis odd it takes the

square two circuits to return to its exact starting
point.

An equilateral triangle with side oflength 1
toppling round an equilateral triangle with side of
length nhas 3ntopples for each circuit. 3 ofthese
topples are through 240°; the rest are through 120°.
The total angle of topple is 360(n- 3r. Sothe triangle
always returns to its exact starting point after one
circuit.

An equilateral triangle toppling round an n X n
square has 4ntopples and the total angle oftopple is
I20(4n - 4)+ 840= I20(4n+ 3r. The triangle will take
one or three circuits depending on whether n is, or is
not, a multiple of3.

Regular polygons with nsides toppling round
identical regular polygons topple ntimes. Each topple
is through twice the exterior angle. Sothe total angle
oftopple is 720°.

What is the length of the locus of the top left-hand
corner of a toppling shape starting in the position
shown?

For a 1 x 1 square toppling round an n X nsquare
the length of the locus is:

(n+ I)n+~(n+ l)nV2 :ifnisodd
nn+~(n + 2)nV2 : ifn is even but not a

multiple of4
nn + Hn + 4)nV2 : if nis a multiple of4

The length ofthe locus is sometimes different for a
different corner.

The locus of an n-sided polygon consists ofarcs of
different radii. The number ofdifferent radii involved
is~nifnisevenand~ (n- I)ifnisodd.

2) Explore what happens when different shapes are toppled along a line.

How many topples are needed before the pattern repeats? What is the
locus of the different corners of the shape? What is the locus of other
points of the shape?

Which point of the shape has the longest locus? Which has the shortest?

There are obvious links between this task and FCT 1
and the possible avenues ofexploration are similar.
Some students might want to incorporate elements of
both tasks in their work.

The total angle of topple when a regular polygon
rolls along a line until it has made one revolution is
360°.This is what one revolution means. A regular
polygon with nsides has ntopples, each through 360°.

n
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This is the exterior angle of the shape. The total angle
oftopple when a regular polygon rotates round an
identical regular polygon (see FCT 1)is twice this,
720°.This is because each topple is through twice the
exterior angle.

All this also applies to convex irregular polygons.
Students might want to explore what happens for non-
convex polygons, such as the cross shape.

Question 13 ofExercise A was about the cycloid: the
locus of a point ofa circle rolling along a line. Students
were asked to estimate the length ofthis curve. There
are more links here with FCT 1.The locus ofa circle
rolling round an identical circle is a cardioid.

The locus of one vertex ofan n-sidedpolygon rolling
along a line approximates to a cycloidas nincreases.
The locus ofone vertex ofan n-sidedpolygon rolling
round an identical polygon approximates to a cardioid
as n increases. Some pretty drawings can be produced
to illustrate this. The lengths of these loci can all be
found using 'straightforward' trigonometry and a lot
ofingenuity. Students working at a high level might
find this an attractive and ambitious piece ofwork.

3) Imagine a tea chest in the shape of a cube repeatedly being toppled about
one of its edges in a large room.

Suppose it moves from the position labelled Start to the position labelled
Finish in figure 13.

Finish

Figure 13

Start

I

Which way up will the cube be when it arrives at Finish? Will it depend
on the 'route' it took?

You will need to invent a notation to describe this.

Are there repeating patterns involved in the movement of the cube?

You can, of course, look at different starting and finishing points to see
what happens.

You might want to consider the locus of a corner ofthe cube as it topples
from Start to Finish.

A die is useful for this task, because it provides a good
way ofkeeping track of the orientation ofthe cube.

One way ofrepresenting two routes from start to
finish is to show the numbers on the top face ofthe die.

Finish Finish

I 5 6 2

3

6

5

3

6 5 I 2

Start Start
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This demonstrates that the orientation ofthe cube at
the finish depends on the route taken. But this
notation is lacking in the sense that a cube showing a
6 on the top can still have four different orientations.
Students will need to devise methods ofshowing this.

There are many different challenges which students
could set themselves. For example, if a cube starts
with a given face on top on the square labelled Start,
can it (using a suitable route) arrive at any square
with the same face on top? This sequence helps answer
the question.

~

~
Start Finish

A stronger condition can also be investigated. If a cube
starts in a given orientation on the square labelled
Start, can it (using a suitable route) arrive at any
square with the same orientation?

The locus ofone corner ofthe cube is not too difficult
to find, but probably harder to explain clearly (at each
topple it is the same as the locus ofa corner ofa
toppling square).

Investigate graphs of this kind. You will probably want to use either a
graphical calculator or a graph-drawing program on a computer.

4) Sounds are produced by sound waves. The shapes of waves for musical
notes are simpler than shapes of waves for noises. The shape of the wave
of a very 'pure' note is a sine graph.

y = sinx

Notes of different pitches have waves of different lengths.

y = sinx

y = sin 2x

Notes of different loudness have waves of different height.

y=sinx-

y= 2sinx-

Graphs of interesting shapes can be made by combining sine graphs,

y = 3 sin x + sin 3x

or by combining sine graph with cosine graphs.

y = 3 sin x + cos 3x



This task can provide students with greater insight
into the behaviour oftrigonometric functions.
Students might find it helpful to use a graph plotter
which allows them to type in such things as y = 0 sin(bx)
+ c sin(dx) and then to specify, and vary, 0, b, cand d.
The graph plotters FGP and Mouse plotter both allow
this.

Students can investigate the effect ofvarying k in
y = k sin x, and also ofvarying k in y = sin(kx).

They can move on to more ambitious projects such
as studying graphs ofthe form y = 3 sinx + k sin3x, or
y = 3 sinkx + sin3x. A fundamental question which can
be asked ofall these graphs is 'what is the period?'

Students can also investigate graphs ofthe form
y = 0 sin(bx) + c cos( dx). When b = d these simplify
dramatically. How do the values chosen for 0 and c
determine the amplitude ofthe graph, and also the
amount by which it is translated?

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 1
There are many things which students can explore in
this task and they can focus on an idea which sets
them a suitable challenge. In the following extract the
student is exploring unit squares toppling round
rectangles and seeing how many topples are needed to
bring the square back to its original position. She
starts by considering I x n rectangles. The extract
shows that she can 'select appropriate mathematics
and resources' (NAT1I6a) use 'written and visual
forms to record and present findings' (NAT1I6b) and
'make and test generalisations and simple hypotheses'
(NAT1I6c).

f a-rrt IW1V g~ to Um1: iJad< and u-westigcde tiu s~~
that hM"e tl; go ar01M1AJ{' i;Iu t'"ec;&w!gU2 n'UJYe thtu1 art-ce to
read? tfr.£ start;;"nJ postCUm.

1hake so f'ar ci<:»w. CI !X 2 redizngiR CJA1..<i a: ! X3 f"edangUL
so .1 am navo qnn<} to do a / X 4-

x Lt- reve-aMgt.a

/ X sCf~e

T~ 9~s O/~ Wric.f2 befOre rdu.n-~tg to as ortgt-h posiQ'an.
Thc« rneaers tIzar 20 s~~ 30 ar~ ~ t'"ectang~ (zxw)
tb reach ~ begWWn!:J-
1 ha.ve atr~ used a ! X 5' -fixed rectanqte, <d- / ~ oia:
t;ha£ tk s~e .. emit; fvrM to go a-rouru:I ~/ k~ readUng
tJw 5wang pos il:U5Y7.
So MJVtJ I wiLldo a ! X 6 ffxed rect2w7g~

7Jus r= gt>0S anJun<1 twice /Je~ r~~g to -tIz.e s-tart2ng
posifUJr7

2<3 S~5 go ar~d ~ redaY1(J&! (2 X 14-)
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If I WM to do tItt ! X 7 rectangtJz it; wouid 30 around
o-r#- rUJM.-rUn3 to us staA--ttn3 10sdion bB<:XUt~ th ~er of'
sq;u-ares th-tz.t" u;u{d go cu-ound. U;- would be 16 and Huj

i0 a nuditpLe of 4-
FVxed redJ:u1gff2 No 0 f" t:o-pp~ .

(em) w4u d; rUtNrns

J X 2 J2
/ X 3 8
/ X 4- 20
I X 5 12
I X 6 28
/ X 7 /6
! X n 7?

In the following extract a student is finding the length
of the locus of one corner as it topples round rectangles
whose sides differ by one unit. Two circuits of the
rectangle are needed to get the square back to its
original position, which complicates the calculation of
the length because some portions of the locus coincide.
Later in his work he considers rectangles of other
shapes and attempts further generalisations. He can
'make a detailed plan of the work; work methodically,
checking information' (NAT1I8a) and 'define and
reason' (NAT1I8b).
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I wd\ fi...d o~ how ftw ~ uutu V\'\ove..s w~ V'I -v-:= I--opp(~S

~ C\ (~~ l kJd I sf-cu-t with ~ lc-'-I.1 x l C(,v. +Vrp~'~ s~~
0vvJ. C\ lcl.v1)( J..CVIA f;'tu.d (t~Lt.,

\0 xt >< j trr z: t; -tt:r:

~ x ..l- X J. 11ft.. ==- .,2). -rrr<.4- 2.-

L z: 5 ttv- + ~ -1. iJi<.

14-')( t )(~rrr =-irTV'

7x t x ;L1T~ ~ "3:,-i1T~

J..-. =- "l tt; + ~l1T~



l~~(A~ ~y 15~'Q~ ~cU P....
l vJ II\ ~ 0\ ~ C»\A >( 4 CM.A f)~ (~~v...

l'3' x. i: .>( ~ 1Tv =. q tr r:

q l( i; J<. ). IT /2.. = 4-{1Tt<-

1-..:.. q ill" + 4- 1- n«

\ p~.& -t1Aet¥'~ 4<:.lM X SCIM 8't>Wl r~lcL WI'II \:k

( 4- -t-S +2) v:r + l4- ri: J. 5) tt.e:
-=- II rrr i: S.J.2.. tte.

~ x t X J Tfv ~ 1/1(1"

If X t x 17f~ z: 51 1frz

I-- :=. 1/ rrr: f-SJ.7, n:«

Further Coursework Task 2
Students might need encouragement to focus their
work and not get carried away exploring patterns
with no clear aim in mind. In the following extract the
student has drawn accurately the locus ofdifferent
points on a hexagon rolling over a 'bridge'. However,
because she deals with somany complications
(different points, difficult shape, not a flat surface) she
can dono more than draw the pictures and make
comments about 'humpy' patterns. So, although it is
not trivial to produce the drawings, she is only
working at level 4 ofAttainment Target 1. She can
'select the materials', 'plan and work methodically'
(NAT1I4a) and 'use examples' (NAT1I4c).
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The following extract is from a piece of work in which
a student is finding the length of the locus of a corner
when you topple a triangle,square, pentagon and
hexagon along aline. Having done all these
calculations she is then able to deduce some general
statements. She can 'design, plan and carry through a
mathematical task to a successful conclusion'
CNATl/9al) and 'define and reason' CNATl/9a2).

100
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RfiOlU5 OF BLUE SFGHFNT .' -

r a-m :Pn3 w hcwe to ase -tngOY1~7J to tJorl:.
end- ~ raaacs .

2 5 x (CO'; 30" =-£i- )
2 .5")< cos 30° =- x

X ::: 2. /6

I rrurst: -chm rn-wt-t0t:J by rvvo becaMte t:he raacccs
go-es frcn-n dd to ~ T&. -o=« s tde- ol'-the-
M1f}tR 300 is ~ haif 1Jtu. radac:

x := 2. /6
r = 2. /6 X Z == 4-.32

c+ . 32 ::::.radu.t{.

x
2·5

x 2,.5

I am nozo read:} W Mel cia: arhcu: T7h.e- cifUlAri{ifeJ1Cf2

t.' S oY7 tha;t- Y6 ~ -tIw circUz.
c :=: 2!Tr]/6
c :::;-2 x 11 >< 4- .32 X }£, ::::. 4-. 53 em

I rrucs t: a-t-so tnU-tiipty b!j 2 tMJrU-n becaase ~e. are
2 !-i of a Ur-~ rk1 flu /ocas .

Cr . 53 x 2 -:::' q. 06 crri
IoU{ 5 Le-ngtf7 0 f' bUt..e. 5eqmenxs zz q 06 ern .

{<.1101U5OF 8LACK S~GMDV-rS:-
R~J 2.5cm

C = 2TrfX?6
c = 2 XliX 2·5",>< !/it;, =2. GCI'Yl

[ mcc: r ag~;nAA;tttf t:J b'J Z b ecaa se f.h,.re ewe 2 seg meeu:»
of -t;+,a;tsozze..

Cartccctsrans"* The. rvwvvvh& 0/ w-pp(as ~ ilft£ ~& ofsUus.
*- The QA/1!j1.R-S ~ h w1Ud7 ~ fcrVn;ts ~rwJ ~ t7/i.L

toea 5 «re -tIt.e shapes e.-K~ ~f.f2S. .

:if Th..L ~er of ~Cdiz5 ~s -tk ~ -r-ac/tfcrn or Cf

woU w1uCh LS a f~ ~necl tlv-oug h trUnMS /
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Questions in Sections More
difficult
(two bars)

it;e1ctlcmA,162...19

Further
Coursework Tasks

INTRODUCTION TO THE TASK: HINTS

This activity is probably best as a class discussion for
one lesson.

The teacher can focus on the following issues:
• the advantage of grouping data, and the different

criteria which can be used for this;
• the advantages and disadvantages of different

types of display;
• the place of calculations, only when they help to

answer the question posed;
• the reliability of the data (the extent to which the

people 'sampled' were representative).

SECTION A: ANSWERS

1 (a) 10 (b) Records, 35 (c) Dancing (d) The
proportional answer is 45, but unlikely to get
exactly this.

2 (a) So you can compare the quantities easily.
3 (a) 11 000 (b) No gas available (c) 6000
5 (a) Frequencies: 1,3,4,10,7,8,3,1,3 (b) Below
6 (a) (i) 1 p.m. to 3 p.m. (ii) 130 (b) (i) Monday

(ii) Saturday (iii) Friday (iv) Mornings (c) Band
D are sensible suggestions, A and E are
debatable, C and F are less sensible (d) (i) Low
use on Mondays and Friday mornings; high
use on Saturdays (ii) Librarians

7 (a) Walking (b)~ (c)8
8 Angles: tennis 72°, football 96°, snooker 120°,

badminton 36°, basketball 36°
9 Angles: men 205°, women 155°

10 (a) About 13% (b) About 69%
12 (a) About 18 million (b) About 17% (c) By

starting at 5 on the vertical scale (d) About 37%
13 (a) England (b) About 35% (c) About 20000 km2

14 (a) Different numbers of males and females
(b) About 80% (c) About 14% (d) 28 million

15 (a) 2.5 million (b) 2.1 million (c) 48%
(d) Mail (51%) (e) Men

16 (a)Frequencies:3,12,15,6,1,0,0,2,0,1
(b) Frequency densities: 1,4,5,2,0.11,0.33

17 Frequency densities: 0.74, 0.71, 0.90, 0.77,0.61,
0.60,0.50,0.30, last one depends on length of
interval chosen.

18 (a) 16% (b) 1000 (2%)
19 (a) 600 (2%) (b) About 183 em (mean + 1 s.d.)

SECTION B: ANSWERS

8 (b) 33% (c) 30%
9 (b) (i) Probably the median, because not

influenced by extreme values (ii) Girls:
median 5.5, mean 5.8; boys: median 3, mean 6

10 (a) 4 for both (b) 3.8 for both (c) (interquartile)
range or standard deviation.

FURTHER COURSEWORK tASKS
rr.11l ..

~

I) When exploring one of the suggestions given below you might find it
helpful to follow the advice given in Section B.

• First choose an appropriate set of starting questions to investigate.
Word the questions so that you are clear about how you can collect
data to help you answer them, and so that they help you to produce
an interesting and worthwhile piece of work.

• If you need to collect a sample of information choose your sample
carefully.

• If you use a questionnaire take care over the way you word questions.
Decide what kind of answers you want.

• Display the information you collect clearly, and in a way which helps
you, and other people, to draw conclusions from it. Do not mislead
anyone. (You might want to include scattergrams, cumulative
frequency graphs and other ideas from Chapter 7 in Book 4.)

• Calculate percentages, means, medians, modes, ranges, interquartile
ranges, or standard deviations ifthese help you to draw conclusions
from the results you collect.

• Look at newspapers, magazines, or books which provide similar
information, so that you can compare what you find with what other
people have found. You might find useful information on Teletext or
Viewdata.

• Use a database or a statistical package on a computer if you think thism will help you to organise your information, calculate results or display
~ what you discover more clearly or more attractively.

• Draw conclusions which are justified by the results you have produced.
Ensure that the conclusions you draw really are justified by your
results.

It might be worth encouraging students to carry out
the investigative work in small groups, and then to do
their own individual write-ups. It is strongly
recommended that some or all of Sections A and
particularly B are tackled before embarking on this
task. Section B will help students to collect reliable
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and usable data.
It is important that students choose a topic which

they are interested in. They need a surprising amount
oftime to decide what they want to survey, but are
goodat coming up with their own ideas, given space
and encouragement. You need to check the
questionnaire before students have gone too far with
the process. Encourage students to ask questions
which provide numerical data to analyse. You also
need to check students' methods ofsampling. It
students are working in small groups they should be
able to handle 100 questionnaires or interviews, and a
sample ofthis sort ofsize makes the results ofthe
research more meaningful. Processing the results
obtained from a large number ofpeople is not a trivial

task and is a goodopportunity for students to practise
the skills ofworking as a team.

Students can display their results by means of
posters, which they can also use to illustrate the
individual write-ups. They could also be asked to
make group presentations to the rest ofthe class.

Use ofa computer might be helpful in connection
with this task. This is particularly true if students
have access to an Archimedes or a Nimbus, because
the program Pinpoint doesjust what is required. It
helps students to design and print a questionnaire, to
record and process the results and to display these
results in appropriate ways.

The subjects ofChapters 17 and 23 also offer
opportunities for surveys.

ASSESSING STUDENTS' COURSEWORK TASKS

Most students enjoy choosing their own topic to
survey. The advantage ofthis is that they are
interested in what they are doing and so are
motivated. Teachers might want to ensure that the
topics chosen lend themselves to mathematical
analysis.

The students' work quoted here is all at levels 5
and 6. For examples of survey work at a higher level
see the corresponding section in the Guide to Chapter
23 (on page 125).

In the first extract a student is researching
'skiving'. This is an interesting topic, but the work
would have been better if the student had clarified
what she meant by skiving. It is not clear how she
selected her sample, which is possibly biased.
However, her work shows that she can 'select the
materials and the mathematics to use for a task'
(NAT1I5a1)
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The extract above is fairly typical ofwhat many
students produce in response to this task. The
questions are simple with a limited number of
responses, the results of which are presented by
means of barcharts. There is not much commentary
and no statistical analysis. For work at a higher level
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students need to demonstrate additional knowledge
and skills, or comment, with more insight, on the
scope and limitations oftheir survey.

In the following extract the student has grouped the
data she collected to show how many hours in a week
people listen to music. She has then drawn a
compound barchart for both males and females. She
has also made some comments about her reactions to
the data. She can 'design a task' (NAT1I6a), use
'visual forms to record and present findings' (NAT11
6b) and make 'simple hypotheses' (NAT1I6c).

No.ot ~ople...

1i'M€.. 'I~es
i"'~o~.

The final extract also demonstrates work at level 6.
The know ledge and skills being used are more
difficult, but the work contains little comment, and
some of the statistical measures used, such as the
interquartile range, are not particularly relevant. The
work shows that the student can 'select appropriate
mathematics' (NAT1I6a) and use 'written or visual
forms to record and present findings' (NAT1I6b).
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Guide to Chapter 22: KNOWING WHERE YOU ARE
Outline

Strategies

Equipment and
Resources

A
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Relevant Review
Exercises

National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

Accessible to
all students
(rio bars)

INTRODUCTION TO THE TASK: HINTS

Almost all students appear to have a reasonable feel
for loci; but many need reminding ofmore complicated
aspects. A goodway of introducing this activity is to
make a copyofthe Garden resource sheet as an OHP
slide. Class discussion can resolve any
misunderstandings about the questions posed.
Students can then set questions for each other in small
groups, and perhaps present these for the rest of the
class to answer using a second OHP slide ofthe
Garden resource sheet. One lesson is probably
sufficient for the whole activity.

The following diagram provides the answers to the
problems posed.
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SECTION A: ANSWERS

1 (a) B (b) E (c) F (d) D
2 (c)About2.3m
3 (b) (iv) Lie on a line (perpendicular bisector ofline

joining the two points) (c) (iii) None
4 (b) (iii) It depends exactly where the squares are

drawn, but the complete locus is given in the notes
on FCT 5. (c) (iii) Usually an infinite number, but
none if two of the points are at adjacent corners of
a square and the third is on the opposite side.

5 (e) 2
6 (d)4
7 Ripples are concentric circles; last ripple is their

centre.
8

(c)

10
H

11 (b) A B

.-- 3 em -..-- 3 em --.

12 (b)
A B

•..2 em -H--4 em ----. 6 em ---.

13 (b) 4 em from A and 6 em from B; or 20 em from A
and 30 em from B.

14 (c) The locus is a circle of radius 4 em and centre
2 em from Band 8 em from A.
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15 (a) (b)

(c)

16 (d) The point is the centre ofthe circumcircle of
the triangle (the circle through the vertices of the
triangle).

17 (d) The circle with diameter AB.
18 Two major arcs of circles with common chord AB.
19 (b) Angles OPB and OBP are y (c) 2x + 2y = 180°

(d) x + y = 90° (e) This justifies the belief that the
locus in 16(d) is a circle.

20 (c) 2x + 2y (d) 140°
21 (b) Locus is two lines parallel to AB and 3 em

away (c) Two major arcs with common chord AB
(d) About 28°or 82°.

SECTION B:ANSWERS

1 Hollow sphere, radius 1m, centre A.
2 Two planes parallel to X, either side ofX, 1m

away.
3 (a) Infinite hollow cylinder with l as the axis,

radi us 1m (b) Finite cylinder with a hemisphere
on each end.

4 Two hollow spheres concentric with original
sphere, with radii 1m less and 1m more.

5 A plane which bisects at right angles the line
joining A and B.

6 When giving answers to question 6 it is more
important that students can describe the
intersections than that they know the names ofall
the shapes obtained.
(a) Either no meeting or an infinite line (b) No
meeting, or a point, or the whole ofthe line (c) No
meeting (if parallel or skew) or a point (d) No
meeting, or one point, or two points (e) No
meeting, or one point or a circle (f) No meeting, or
one point, or two points, or a line (g) No meeting,
or a line, or two parallel lines, or a circle, or an
ellipse (h) No meeting, or a point, or two points, or
three points, or six points, or a circle, or two
circles, or three circles or six circles, or various
arrangements of arcs ofcircles (see FCT 4) (i) No
meeting, or a point or two points, or a line (j) No
meeting (unless it is a double cone), or a point, or a
line, or two lines, or a circle, or an ellipse, or a
parabola or a hyperbola

7 (a) And (b) Two perpendicular planes bisecting
the angles between the objects (c) Hollow cone
with 90°vertical angle and axis l.



8 (a) Finite solid cylinder (b) Two identical finite
cones with a common base (distance between
vertices is the diagonal of the square, slant height
is the side ofthe square) (c) Sphere (d) Torus
('rubber ring') (e) Cylinder (f) Cone (g) Two
finite cones with a common base; a finite conewith
a second finite cone removed from it (h) All ofa
plane (at right angles to the fixed line) except a
circle (the circle is the envelope ofthe lines)

9 314cm2

10 Twocircles of radius 8 em, perpendicular to l, and
with centres on 1 and 6 em either side ofA.

11 A circle ofradi us 4.8 m, perpendicular to AB and
centre 6.4 m from A.

12 Hollow cylinder ofarea 2n m2 (2 edges); hollow
cylinder of area 2V2n m2 (1 edge); circle ofarea
rt m2 (4 edges); annulus ofarea rt m2 (4 edges).

13 If land mare 1unit apart, cylinder parallel to l
andm, with radius j and centre j from m and j
from l.

14 Sphere, with similar dimensions to cylinder in 13.

FURTHER COURSEWORK TASKS

I) You have a field or a garden, in which you keep goats. All the goats are
tethered in some way.

Make up a story about the goats which will give you some problems to
solve. Here are some of the decisions you can make in your story.

What is the shape of the field or garden?

Are there buildings in the field around which the goats can move? These
will affect the region of the field which the goats can reach.

How long are the tethers? Do they have to be short enough
to prevent the goats eating vegetables in a vegetable plot, for example? •

Are the goats replacing a lawn mower? In other words,
is it important that all the grass can be reached by at
least one goat?

The decisions you make will set you problems to solve.
How many goats do you need?
How should they be tethered? .

You might want to find out what area of the field each goat can reach.
And what area of grass can be eaten by two (or more) goats.

shed

This task provides a scenario in which students can
devise activities which suit their own levels of
achievement. Students working at a relatively low
level can tell stories about goats not eating cabbages,
not fighting and so on, and demonstrate in this way
that they are taking charge ofthe mathematics they
are learning. A wide range ofdifferent loci are
possible, especially if a range of shapes are used for
the fixed objects which interfere with the ropes. The
three methods oftying produce a circle, an ellipse and
a 'running track shape', if there are no objects to
interfere with the rope.

Some students will want to calculate lengths and
areas, using in this way higher level knowledge of
lengths and areas of arcs ofcircles, trigonometry, etc.

Once students are into the task they enjoy making
up increasingly complex situations to solve.

You might want to find the lengths of ripples. (This will involve finding
the lengths of arcs of circles.) You might find how the length depends on
the distance ofthe ripple from the shape. What is the last ripple for each
shape?

2) Explore the shape of ripples obtained for different shapes. You might
want to consider squares, rectangles, triangles, rhombuses, kites,
semicircles, L shapes, T shapes, and so on.

[I
This is another task which provides students with a
context in which to set themselves challenges at an
appropriate level.

Some students will concentrate on drawing the
ripples for a range ofcomplicated starting shapes.
This is not always straightforward; many students
will be challenged by the problems ofsorting out the
corners, and also of ripples which interfere with one
another if a non-convex starting shape is used.

Some students will calculate lengths ofripples, a
task which is considerably complicated by
interference effects.

Finding the last ripples is not always as easy as it
sounds. Depending on the starting shape, the last
ripple can be a point or a line. What else can it be?

J13\, 3) Figure 4 was drawn using three turtles. p
Turtle 1 obeyed the normal Logo comm9" r

I 3 2

Figure 4
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Turtle 2 moved at the same time as Turtle 1, but it moved twice the
distance and it turned in the opposite direction (in other words, it turned
left when Turtle 1 turned right.

Turtle 3 always stayed exactly halfway between Turtle 1 and Turtle 2.

What does Turtle 3 draw if Turtle 1 draws a different shape?

Figure 5 shows a different arrangement. In this figure Turtle 1 and
Turtle 2 follow exactly the same instructions (but Turtle 2 is not facing
the same direction as Turtle 1 to start with).

9 9
Figure 5

You can make up your own situations to explore.

A You can change the shape that Turtle 1 draws.

B You can change the rules which say how Turtle 2
should move.

Try to find rules that help you predict what Turtle 3
will draw when you make either change A or change B.

There is something else that can also be changed.

Turtle 3 can move so that it is a third ofthe way between Turtle 1 and
Turtle 2. Or a quarter. Or ...

One way of exploring this idea is to use Logo. If you do not use Logo you
will probably need to get people or objects to obey the turtle rules until
the idea becomes clear to you.

This task is provided as one of the microwor Ids in the
ATMLogo Microworlds pack, available for the BBe,
Nimbus and Archimedes. If an Archimedes or Nimbus
is being used you can use the following code instead.

Archimedes version:

TO START
CS
TELL 1 PU SETPOS [-200 0] SETH 0 PD ST
TELL 2 PU SETPOS [200 0] SETH 0 PD ST
TELL 3 PU SETPOS BISECT
END

TO F :LENGTH
TELL 1 FD :LENGTH
TELL 2 FD 2 * :LENGTH
TELL 3 PD SETPOS BISECT
END

TO R :ANGLE
TELL 1 RT :ANGLE
TELL 2 LT :ANGLE
END

TO L :ANGLE
R -1 * :ANGLE
END

TO BISECT
OP (LIST ((XCOR 1)+ (XCOR 2)) /2 ((YCOR 1) + (YCOR 2)) /2)
END
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Nimbus version:

start
cs
tell 1 setpos [-40 0] seth 0
tell 2 setpos [40 0] seth 0
tell 3 setpos bisect

f :length
tell 1 fd :length
tell 2 fd 2 * :length
tell 3 line pos bisect 1 setpos bisect

r :angle
tell 1 rt :angle
tell 2 lt :angle

1 :angle
r -1 * :angle

bis'ect
tell 1 make 'xl xcor make 'y1 ycor
tell 2 make 'x2 xcor make 'y2.ycor
tell 3 result ((:x1 + :x2)/2) && (( :y1 + :y2) /2)

Whether or not students are using a computer for this
task, they will need to be encouraged to doaccurate
drawings rather than vague sketches, in order to get a
grip ofthe situation. For some aspects ofthe task
squared paper or isometric paper would be useful.

Students need to be encouraged not to change too
many variables at the same time. Many students
should be able to reason out what shape the turtle is
producing, and to justify their conclusions.

This is a rich task, with plenty of ideas to explore.
Here are some ofthe results that can be obtained.
A For the rule given in the coursework task.

If at the start, the turtles are facing in the same
direction, when Turtles 1 and 2 trace out a square,
Turtle 3 traces out a 1by 3 rectangle. When Turtles
1 and 2 trace out a rectangle with sides M and N,
Turtle 3 traces out a rectangle with sides rand ?f
Thus a 3 by 1rectangle traced by Turtles 1 and 2
will produce a square traced by Turtle 3.

If at the start, the turtles are not facing in the
same direction, when Turtles 1 and 2 trace out a
square, Turtle 3 traces out a parallelogram. This is
a rhombus when the angle between the turtles is
90° and a 3 by 1 rectangle when it is 180°.There are
many different tasks students could set themselves
in connection with this situation. For example, if
the starting angle between the turtles is 90°a
rhombus drawn by Turtles 1 and 2 will produce a
parallelogram for Turtle 3. By trial and
improvement students can find the angle ofthe
rhombus, which makes the parallelogram a
rectangle (tan" (2)or roughly 63°)and then go on to
make Turtle 3 draw a square instead ofa rectangle.

Some students working at a high level might
even be able to calculate the dimensions ofthe
parallelogram required for this.



B Turtle 2 moves the same distance as Turtle 1but
still turns in the opposite direction.

The geometry is now somewhat easier. Whatever
shape Turtles 1 and 2 draw, Turtle 3 draws a
straight line. The direction ofthis straight line
bisects the angle between the two turtles at the
start (and at all other times). When the angle
between Turtles 1 and 2 is x, the distance moved by
Turtle 3 is cosG ) times the distance moved by
Turtles 1 and 2. This means that when Turtles 1
and 2 are moving parallel, Turtle 3 moves the same
distance as Turtles 1 and 2. When they are moving
in the opposite direction, Turtle 3 stays still, and
when they are moving at 1200 to each other, Turtle
3moves half the distance ofTurtles 1 and 2.

C Turtle 2 moves the same distance as Turtle 1 and
turns in the same direction.

If at the start, the turtles are facing in the same
direction then the path ofTurtle 3 is a translation of
the paths ofTurtles 1 and 2.

If at the start, the turtles are not facing in the
same direction, when Turtles 1 and 2 trace out a
square, Turtle 3 traces out a smaller square. The
direction ofeach side ofthe square for Turtle 3
bisects the directions ofthe corresponding sides for
Turtles 1 and 2. Students can justify this by
considering symmetry. If x is the angle between
Turtles 1 and 2, the size ofthe square produced by
Turtle 3 is cos(~)smaller than that produced by the
other turtles. Some students working at a high
level might be able to calculate this result.

D Turtle 2 moves the same distance as Turtle 1but
does not turn at all.

When Turtle 1draws a square, Turtle 2 draws a
straight line segment and Turtle 3 draws this.

1fJ
1 2 3

IfTurtle 1 continually
redraws this square Turtle 3
produces a repeating pattern.

Students can consider the different loci produced by
Turtle 3, when Turtle 1draws a variety ofcommon
shapes. When Turtle 1draws a circle, Turtle 3
draws a cycloid.

4) A cube has a side oflength 1 metre. Calculate the radius of a sphere which
has the same volume as the cube.

The sphere is placed with its centre at the centre of the cube. What is the
intersection of the sphere and the cube?

What happens if the centre of the sphere is not at the centre of the cube?

What happens if you use a cuboid instead ofa cube?

This photograph is of a work of art created by Gary Woodley, using the
ideas suggested above. The cuboid is an actual room. The photograph
shows a drawing of an intersection of an imaginary sphere with a
room.

Some students might like to create a Gary Woodley
sculpture in their minds, and draw sketches to
illustrate it and to show their accurate calculations.

This task provides an opportunity for students to
use coordinates and Pythagoras' theorem in three
dimensions and to visualise intersections ofspheres
and planes.

Some results
The radius ofa sphere ofvolume 1m" is 62 cm.

The distance from the centre ofthe cube to a corner
is 87 em. The distance ofthe centre of a face from a
corner is 71 em.

If the centre ofthe sphere is placed at the centre of
the cube, the sphere intersects the six faces ofthe cube
in identical circles with radius 37 em.

Suppose the centre of the sphere is moved towards one
ofthe faces until the intersection with the opposite
face becomes a dot. Then the radius of the circle of
intersection with the face the sphere moved towards is
49 em and consequently this circle just fits within the
face.

,

38 em: /~2
I / em

f
:
I

62 em:
I

:
I
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The intersection of the sphere with each of the other
faces is still a circle of radius 37 em, but its centre has
been moved to a distance of38 em from one of the
sides.

Similar methods can also be used for cuboids. Here
is an example of the problems students could set
themselves.

For different cuboids, what is the intersection ofthe
cuboid with a sphere of the same volume whose centre
coincides with the centre of the cuboid? If the cuboid
has a volume of 1 cubic metre and dimensions 124 em
by 90 em by 90 em the intersection of the sphere with
two of the cuboid's faces is a dot, and with the other
four faces is a circle of radius 43 em.

5) Draw a square. Choose three points on the square.

What other squares can be drawn through these three points?

The answer to this question will depend on where you choose the three
points.

For any choice ofthree points explore all the positions for the centres of
squares drawn through the three points.

Now try the same idea but use only two points. Or use four points ...

This task is difficult, not because there are
complicated calculations to be performed, but because
students will need to know how to experiment,
through the use ofaccurate drawings and rough
sketches, in order to obtain a clear idea ofwhat can
happen.

With three points there are several different
possibilities to be considered. One way ofgrouping
these is as follows.
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Case 1:The three points are collinear.

x centres of squares drawn

In this case the smallest square through the three
points has side length equal to the distance between
the extreme points. The longer the side length the
further the square can slide sideways and still pass
through the three points. The shaded region in the
picture shows the locus of the centres ofsquares
through the three points.
Case 2: The three points form a right-angled triangle.
There are two ways ofgetting squares to pass through
these points. One set of squares have one oftheir
corners at the right angle.

In the other set of squares the two closest points lie
on one side and the third point on the opposite side.

x centres of squares drawn

The heavy line indicates the locus of the centres.
Case 3: The three points form an obtuse-angled
triangle.
There are two ways ofgetting squares to pass through
the three points.

There is sometimes a third way.o
Case 4: The three points form an acute-angled triangle.
There is always a (unique) way offitting a square
round the three points so that each point lies on a
different side. The locus is a single point.



It is sometimes possible to arrange for two points to
be on one side and the third point on the opposite side.
The locus is the heavy line segment shown.

consider. The complete locus of the centres ofsquares
through two points is shown below.

x centres
of quarter
circles

With two points there is only really one case to

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 1
This task enables students to work at a wide range of
levels, depending on how the task is interpreted. In
the following extract a student has devised a simple
situation in which he works out where to tie up three
goats so that they and a man can all reach a water
trough without being able to make contact with each
other. He can 'select the materials and the
mathematics to use for a task when the information
leaves opportunities for choice' (NAT1I4a) and 'record
findings and present them in oral, written or visual
forms as appropriate' (NAT1I4b).

IV' ~'s ,.~ I'S C\ ~ ~ wk.'~ '3 30c:J:s ~ y~(,\~

C\ w~ kYofb· \1~ ~ ~ ~ reoxl-: ad, ~
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In this second extract a student has made up a more
complicated story and the locus for his first goat is
more complex. He can 'select the materials and the
mathematics to use for a task; check there is sufficient
information; work methodically and review progress'
CNAT1I5al) and 'break tasks into more manageable
tasks' CNAT1I5a2). .

P roD ~\AA CEO +0 s-top t-1Ae 6CTO-.,t follt,.. ~~ ~ 011\ rtv.
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In this third extract a student creates three different
objects around which the goat's rope can get caught in
different ways. She can 'design a task and select
appropriate mathematics and resources' (NAT1I6a)
and use 'visual forms to record and present findings'
(NAT1I6b).
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In the final extract a student calculates the different
areas of grass eaten by her goat when it is tied up in
different ways. She can 'devise a mathematical task;
work methodically within an agreed structure; use
judgement in the use of given information' (NAT1I7a)
and 'follow a chain ofmathematical reasoning'
(NAT1I7c).

shed

rope

ThR. gor:df waifs round C1A1d ea.:t> -the- red .
St;.-iffed area of grMs. ~ tf.te rope a.ga.u1
geAJ caught em ~ sh%! ~ bhd strif?eci
btL cs a4 tha.t5 {eft f'crv -t4t.e 3oa:t CQ.A/I cover
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Further Coursework Task 2
Students enjoy making up complicated starting
shapes for their ripples. This can lead them to making
mistakes, because the task they set themselves might
prove harder than they had anticipated. Students
should be rewarded for the goals achieved and not
penalised for their mistakes. In the following extract a
student uses squared paper to design a series of
starting shapes for his ripples. In the first diagram his
inside ripples are incorrect, but once this was pointed
out to him he was able to produce the second diagram
successfully. His drawings are quite difficult to do, but
he makes no comment on his work and does no
calculations. He can 'design a task and select
appropriate mathematics and resources' (NAT1I6a)
and use 'visual forms to record and present findings'
(NAT1I6b).
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In the following extract the drawing is somewhat
simpler, but the student is attempting to calculate the
lengths of the ripples. He does this correctly for the
first two ripples, but for the next two he fails to
account for the fact that some of the arcs are not
quarter circles. Nevertheless, in addition to
demonstrating the same achievements as the previous
student, he can 'make and test generalisations'
(NATl/6c).

119



r lppt-e.- 1 40 (.,\M -+- b·28' 4b ·28 c. I.IV\

rlp"l~ x. ?-.b --r l.2.. ·sh S~· S C-IAA

Y ~rpl~ 3 z: .2b + 13'~ .:= 4«· 'is' CV\A.

V' I p~\e. i 20 1- 2~· I S \ . l Gil\/\.

In the following extract a student shows that she can
successfully apply her knowledge and skills to finding
the lengths ofripples of a semicircle. Her work is
clearly explained, showing that she has a goodgrasp
ofthe problem. This is one of a series ofcalculations
she performed. She can 'devise a mathematical task;
work methodically within an agreed structure; use
judgement in the use ofgiven information'
(NAT1I7a) and 'follow a chain ofmathematical
reasoning' (NATll7c).
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In this final extract a student has realised that he has
to calculate the lengths ofseveral arcs of circles to find
the lengths ofhis ripples. He decides to work out a
large number ofthese first. He then uses these to
calculate the lengths ofripples in a sequence of
different drawings. One is given in the extract below.
He can 'devise a mathematical task and make a
detailed plan ofthe work; work methodically,
checking information' (NATl/8a).
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task for this chapter is examining the truth of statement
of situations.
introductory activity is a game which'can be/pIa

clgss; you have !?mak~ decisions based on what you belig.ve
erY?~~i..choj9:~esa q.~~bel:;~...~nd t~~win
lowest number tHat no-one else:has c
b stions about t
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National Curriculum
Statements

Questions in Sections

Section , 1-7
Section B, 1-4
Section C, 1-8

Section A, 8-9
Section B, 5-7
Section C, 9-13

Section , 10-11
Section B~8-13
Section C, 14-15

Further
Coursework Tasks

choose 2) or the person who chose 4 to win (choose 2)
5 (a) 5 (b) No. Because 5 isjust an average number.
6 (b) f3 (c) ~ (d) Picture card more likely.
7 (b)Ninepossibilities (c)(i)~ (ii)~ (iii)~ (iv)~ or~
8 (a) (ii) Fair; 18 even totals and 18 odd totals

(b) (ii) Not fair; 27 even products and 9 odd products
(iii) e.g. Julie pays Thebender 30p instead ofl0p.

9 (a) 1 and 4 (b) The scores that can be obtained in
more than one way are 4, 6 and 12. The probability
that Jason knows is ~. (c) The (1,4) domino;
probability is ~ .

10 (a)! (b) (i) Put one red cube in one bag, and the
other 7 cubes in the other bag (ii) ~

11 (a)(i)r\ (ii)~ (b)(ii)Probabilityofdielwinning
is ~ (iii) Probability of die 2 winning is ~
(iv) Probability of die 3 winning is ~ (v)
Probability of die 4 winning is ~ (vi) False; the
second person can have a probability of~ of
winning by choosing appropriately.

INTRODUCTION TO THE TASK: HINTS

This activity will probably last for one lesson. You can
either work with the whole class throughout the
lesson or, after an introduction with the whole class,
students can work in groups (of about six).

Through discussion at the end of the lesson it is
worth pointing out that, when playing this game, you
base your decisions on what other people do. Can you
influence or be influenced by saying what you are
going to choose?

This activity is suitable for a very large number of
people, and is a good way of raising money for charity.

SECTION A: ANSWERS

1 (a) (1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1), (2,1,2),
(2,2,1), (2,2,2) (b) The probability is iassuming
that all possible choices are equally likely which
probably is not true!

2 (a) (1,2), (2,1), (1,3), (3,1), (3,2), (2,3), (1,1), (2,2),
(3,3) (b) It doesn't sound very sensible, but it
depends what you think the other two players
will do.

3 (a) 3 (b) There is no number that is chosen by only
one person (c) No, we think! (d) We don't know,
but whatever you think the best number is, don't
tell anyone else! (Or perhaps dol)

4 (a) 3 (b) You cannot win, so it depends whether
you want the person who chose 2 to win (don't

SECTION B:ANSWERS

1 (a)i (b)! (c)* (nearly a half)
2 Outer ring 7.1 ern"; inner ring 5.5 cm''; inner circle

7.1 cm2.

3 Samewayup
4 (a) 169 (b) 168 (c) Because the 'diagonal' of the

large rectangle is not quite a straight line (there is
a very thin gap in the middle).
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6
8
9

10

(a) (i)Nine times (ii) Forty-nine times (b) 250 cm2

(a) 37 ml (b) 1350 cm2

500

11

12 (a) (ii) B > 0
(iii) A + B < 270

B

(d) ~

13

~:~<""'"··::::t~~~

50 100 x

SECTION C: ANSWERS

1 (a) 90%
3 (a) 92% (b) 86%
6 (b) (Answers depend on use of resource sheet 31

and are approximate, depending on what you
count as a programme) (i) 11% (ii) 25% (iii) 1%
(iv) 5%

7 (a)Sunday (b)(i) Yes (ii) No (iii) Yes (c) 13th
July 1990

8 (a) 2300 crrr' (b) A4 is 624 cm''; A5 is 312 em"; a
typical exercise book is about 400 cm2 (c) About
3.5 times for A4; 7 times fur A5; 6 times for an
exercise book.

9 (a)(i) About 20% (ii) About 70% (b) Not clear;
young people are not dying so much of other
causes (especially infectious diseases).

10 (a) Road (b) (i) 40 (ii) Yes (flu comes in
epidemics) (c) 5

11 (b) A 0.000002 (journey distance is about 5700
km). B 0.00008 (distance cycled about 1120 km)
C 0.00001 (train distance about 720 km, car
distance about 2100 km), D 0.000002 (boat
distance about 150 km, coach about 2100 km), B is
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about 40 times more dangerous than A or D.
12 (Answers depend on what you do with 'never go

out' and 'when it gets dark') (a) 10 p.m.
(b) 10.30 p.m. (c) Last three categories
(d) Results contradict the assumption

13 (Answers depend on what you do about incomplete
data) (a) (i) £1.46 (ii) £1.58 (iii) £1.60 (iv) £1.66
(v) 7.3 hours (vi) 10.8 hours (b) £1.46 (c) Assume
e.g. 7 hours; £1.52 (d) Reasonably strong.

14 No; groups offriends likely to give biased sample,
and sample is very small.

15 (a) 13 (b)(i) 63.6% (ii) 59.1 % (c) No; one extra
school makes a difference of about 2%.

FURTHER COURSEWORK TASKS

I) Some ofthe information used in Section C was collected from a survey
o£136 fifteen-year-olds in a school in Leicestershire.

The questionnaire used is the resource sheet called 'What do you believe'?

Use this questionnaire to find out what people in your school believe.
Present your findings in the form of a report, with appropriate graphs and
tables. You might want to compare some of your results with those for the
Leicestershire school given in Section C.

m
~
You might find it useful to store your results in a database. You can then
use the database to help you obtain your results.

This task provides students with the opportunity to
use a variety of statistical techniques and also a
computer database. Pinpoint (available for
Archimedes and Nimbus only) is strongly
recommended, because it deals with questionnaires
and its structure mirrors the structure of this task.

2) Choose a topic about which you have strong opinions.

This topic might be to do with religion, or politics, or sport, or animal
welfare, or the environment, or health, or something different.

Collect information about this topic which supports or contradicts your
opinions.

This information might be the opinions of people in your school, or your
family, or other people you know. To collect these opinions you can use
a questionnaire.

Alternatively, this information might be obtained from books or
magazines. It might be facts and figures about sporting records, or how
animals are treated, or what is happening to the environment, and so
on. It may include maps, diagrams and graphs.

Write a report in support of your opinions. Include in the report the
statistics you have collected or the information you have discovered.

Make the best possible use ofthe information to support your case. On the
other hand, your case will be made more strongly if you admit that some
of the evidence you collect might not support your opinions.

You might find it useful to consider the
advice given for the Further Coursework
Tasks on page 177.

This task is popular with students; they usually have
strong opinions! Asking them to investigate what
they believe helps them to focus their work, so that
they have a clear purpose in mind when they collect



their information. Encourage them to start their
reports with clear statements about what they
believed before they started. Also encourage them to
end their reports with comparisons between other
people's beliefs and their own. These comparisons help
to raise the level of the work, even where students
have not collected much numerical data to analyse.

This task provides a goodopportunity for group

work. Students working in groups have to clarify and
agree their beliefs before they start (or at least agree
what the issues are); they can collect more
information because the work can be shared; and they
can also discuss what they think the results show.

This task, like the task in Chapter 21, provides a
good opportunity for group presentations and for
posters.

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 2
The pieces in this selection ofwork show what can be
achieved at a higher level. In Chaper 21 there are
some examples of statistical surveys done by students
working at lower levels. All the extracts which follow
are from pieces ofwork at level S.Students were asked
to choose their own topics and work in groups of three
or four to collect their data. Then they each produced
their own report.

The selections below show that students can 'devise
a mathematical task and make a detailed plan of the
work; work methodically, checking information;
consider whether the results are ofthe right order'
(NATlISa) and 'define, reason, prove and disprove'
(NATlISb).

Students who have clearly defined their goals and
who state their opinions or beliefs clearly at the
beginning of the report find it easier to construct an
appropriate questionnaire and to draw meaningful
conclus ions .
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A successful statistical survey needs a carefully
selected sample ofa reasonable size. This extract
illustrates the thought that can be put into
constructing an appropriate sample.
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Designing a successful questionnaire that elicits the
responses required is not an easy task. Analysing the
results of a large and complex survey requires good
team work. The following extract draws attention to
the difficulties experienced by a group of students.
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A L10 erne. turie. «rheri «-e, tAJ ere c o1iec;tin3 res ubts
one- glf C Los t aiL /ia« r=timrza;vr-eo so tha;c5
wha;t; r~d. tV> do-wn to 64-.

I cho se. to pu/C cUi my resuUs U1 ba/ charts;
pi.-e charts and pidoJt?Un6 becaccse- tC is a !Jood
an-cI effedi-ve way of' showin3 resufts ..

An<JtIw¥ pro1Jfun ~ ac-cccr ecr' wCV5 thd' to-e:

nec-e« hAd aYWj ~56en5 ~e ~ CCJUid work
~ ~5/ ~~ tW'ef?:2£Jes et:c so toe ciidnt
reaA{:j ntNVe a. (crt of rnat:hs tv warK oue- CZfarC-

/r-v-m tite f ce. charts and P erwn:tnJ es .
BefOre we cauca'put- (J7M' resuas into baYuwAs

etc we. had to cot/axe aU our an« W8t5. / was very
pfRor-ed t»ith SCJm.£of -tIt£ 'ep~ Mar we got 6ad Oeaw.re
it sh(5WS th£ ma:tivYd!f arzd ~(kYdJ o.f~ peopiP who
~/,AJ&red ~ t(;ULSQCm5.
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The following extract is from the work of a student
who was finding out about people's attitudes to
nuclear weapons. His data are difficult to deal with
because of the lack of detailed knowledge among those
surveyed. He has organised his results in a sensible
way and has made intelligent use of the mode and the
mean.

Q 8 H Q1.,0 ( (TV\.j Jo ;jav\ ~ ~vv{<. "' (..- w ~l{ +cvke. L-l,lAvtJ GVv\ ~ ~ ~

Ml\ svow ~t~vih.e bo~ hAs ~tA. oko~pe.c{?
tv Q. 0t psz-o Pl~ wh.o .R.s-1l'vtA "'-1Qd tV'. HM. s v CAIVvj~

1 - \ CJ yr> 12 - Mode - T ~I LAS'\"v\~ tiv\<; lMo-de IS

\( -:2..0 2 l'he. -fo..\vest ct~vo...~e c\.'; S'OLMt' ves\}lts
..2..\- :; e 4 10~ve >0 {~V ctW<Mj .frow ~ iesi
"bl - 40 3 - M~lI.-lI\ Q. ~CUA L.VolNloi vlO1
41 -50 -- k-tcu'v,

&q HO~ lI\AM.ct-. do (jerlA. +h iV\k 'er i-rcu'"" s.fe"'C\5 011\ vtMc4utv vVvti~ ~lt:zj'
~V~~)

~ tvo of p'-opl~ ~ko .$L.sh~octzJ ~\II ltij y~<?

v.p f,:; 1 Mlll,lo V\ 3
up 10 10 M'LLlAo VIC!'\Aore ~o.A.t\ L ~ \'\"\c~) 1-
of -b LOO IN\'LllA 0&-\ ~ove ~ 10 wU,ll\o "') .:;-

op to ( b-llM.·O!'.{VV\o~~ ~a.V\ LOD V\.\.~LVo h) l
l ~~'oV\ + II
bo~t Kt-\oO U
12 of ~€...:?~ ~k6 ()..M.S'w~d ~~k+- ,rU)Q5C9s<; thCA.0- l p'Ll,{AO,",

'Pc>~V\d5 b~1- --tk~ 1,[~l.Ar~ ~s Qc:tv,~~ J;2-4 ~ltM:O!t\) \0 p.a0f~~ (.t~v~
w(~ Me IV\ to.lLt\k1.M.5 flM..s W~G~ M~l::es Il- aM eVe"'- 50/0 $.p~t
of people wl--.o kLt\ow-the o.~cd 'f8u.ve. 010' CLppj/O-,t.lIV,aie~ /-.6(.0
V\;'\A.Ac.L... .

SI - bO

6l - 10
1/ - ~o
81 - q6
ql -100 3
to 0 - '-.00 I
200-500 3
Sct + 2
DOi.o\'t k,v-.OlN Ig

W h.C\+ S CAl' P y ,'seol W\c2 V\Aost etbo IAor rkcse V~Sl.L~ ~) how 1I1A..-tAc.k

HAe~ w€.ve <i.p vQ.Qd ovd- rhej ~\M b he.- 'lll\'iwO lAa..lves( 2:~ <..J\.-to

H,."ol.A.jkl- it wo\..\.Ld toJ.(e VcltttLOd:j w+le -h'~e a..M.d q ~k6 tk~W-
it- WOlALt< h.s<-CA. t;""5 +~e. 011\ 1~5 qlA4'-'Jiok 126jc. a..~red, vVLth ~

A student's concluding remarks are perhaps the most
significant part of this work. These remarks bring
together what has been found out, provide comments
on the significance of the results and how they relate
to the student's opinions. The following extract is from
the same piece ofwork as the first extract.
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My concaoiarrs IAJZi46e. made on ~artf13 r86~ cmnptIRd
b!J st-u~m!J -tiu ~5trtrYW1cUr.e5; ~ W2:J b~fs out~

ac: -dt.a be(}~j of In:!j /Jrojed. I wii! be USbn3 rn:J resu/c:
to ~ pro-ve O"'Y dt Sf? rcrve m:;; b eAuh CM-7 d to S <d2 I f I
ha/ve M1!j e¥/~a2 to bcIck In!} be4efs [if?'

Mtj (Wst b~/ cs has-icadj CU1 o1JV/~S 071Q. It- is
ObVlcTuS to a£( that bO'17ll srn~ if nan- 5m~ wrJj
na4e co }?1A/xJ tv~ ~ Wke d; or r1 crt-; f/J/7 i/he
co-rrz,m~. GMesfimC) mat} bruS'4 orl #Uf 5wVed- btj
S'ug.3e5~3 SI'Yl~5 ~ as a rc-de assocca-te WWf;, ~
sm~ ~ iV7 -the c~:I;.,A.."

~LJ C(J17tr~{WsrlV/.

My secane/ /;;e/,Uf cmdd he sa./of m p-e n70Ye Ge"J"HC'4,<t1

Mtj baLd WClS &Ita/; (7Iu -!MnW prrpwlcd1i:JrJ Clf)ed J:;.&t-?U~

/2 -/g wdi CIS a ~eY~:Je/ haA/e more rejuAa,y-sm~
tI1a#7 tIu ma-u: pop ufcd70n beA:we.0n -ctii 5MYl€ a:JeS .
Thi5 heAA.Rf was ane 0 f! ~ own p ers 0!101 CT'17..t2.5/ it: woS
nof bacAed tAp b::; a-¥Uj WYh 0 r n a/lztJrJa/ surv-e:1'
M!) b~f WCl5 Saf11.ewhd S¥FcrYW OJ ~sitm 2. .
7fu5 rpuestitJV] 5k011Jed -chd 1-g70 or -dtR. W~ cpuJ60n2c1
sta;ted.~ smd.ed; ~ecI to 1-6;0 0T~ rna«:
~trO"nRc:( TJUs WQ5 b}J no ~5 a CO'YWVVI~_

flU-C-e 0 ~ e¥fc:lm1ce W ~ bad( up ~ b~r bu£' f/Y7

mAJ SlAA"'v&j rn::J /:JeAc£r ?1Ja5 carrecst , - JtAft ! .
;VI!} tiUYd 6dd:! ,died o-n peopk a#50fYt+j t;7Iu,h{tJ;

FSv!rY;/ WVlroYQw,a:Te;!y many peopfo dtd mrt do --ciuf
~ pecavtk o/,Us rddw~ 0-6scure f/t4.~ (]Y

-tIJ rcwf} h. tfJl1crTQA/l ce ISO / tVO 5 ?U1a,iJ (e to C{)Yr{Q to a
COY7vUtSfoy; o-n ~ ~ b,e-/Li/ tA.)cl5 -[yt-lj or ncrt-.

Mq /rrvwV'h f;f!/t(ef WOJ that:- aU' /J()OPiP wowlci occept- a
t8taZ btU1 or sm~~!J tR7 l'u4Juc. Wua-S fr,rn 4- !)'QVea tz hW

ffid ths wa0 u-ntruP. () ve-v haif ~,Peop iP we asht!
vluJ ~Jbor; to I ScUd t;lrd Sf'V1~J shoufd r(WVl~-?

p tW'tr1 vtted U/1 at.e ~iJ7e J11M1/Tl6hRcI pia CR) .

flu poUd- t;i1d aU -du.- F ecrpG tV h 0 anstV e«eel "fIuj
~6O'VJ were nan -sm~s / /ed 5j,~cI b<? ~ cn«.
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Guide to Chapter 24: TELLING THE COMPUTER
WHAT TO DRAW

Outline

Strategies

J!11
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Equipment and
Resources

a

Relevant Review
Exercises

National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

C31 Properties of shapes
D47 Enlargement and similarity
D49 Transformations and matrices
D50 Trigonometry and triangles
D51 Coordinates and vectors

page 107
page 262
page 268
page 272
page 274

neutral: 1,2,4,5
easier:
more difficult: 3, 6
There is also a more difficult task suggested at the end of Section Bon
page 228
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INTRODUCTION TO THE TASK: HINTS

This is an activity for one lesson to be done in pairs. It
is designed to introduce the notion that it is not easy to
precisely specify a drawing in words and that telling a
computer what to draw requires the development of
notation and language. (Development of suitable
language and notation is at the heart ofmany uses
and applications ofmathematics.) The drawings on
the resource sheets have been designed to make points
about this. It is insufficient to describe the first
drawing on Version A as 'a square inside a circle'.
Being able to talk about reflections or mirror images
in connection with the second drawing on Version A
helps a lot. Similarly, talking about half-turn
symmetry is a help when describing the second
drawing on Version B. Class discussion at the end of
the activity could bring these points out: when
describing a drawing look for key features, and
particularly symmetry.

CODE FOR USE WITH QUESTIONS I TO 8
IN SECTION A

If using BBC BASIC on a computer students can draw
the first pentagon in question 1by typing the
following:

MODE 1
MOVE 200,200
DRAW 600,200
DRAW 600,600
DRAW 400,800
DRAW 200,600
DRAW 200,200

Ifusing LogotronLogo on the BBC or Archimedes
computers students can draw the pentagon like this:

CS PU
SETPOS [20 20] PD
SETPOS [60 20]
SETPOS [60 60]
SETPOS [40 80]
SETPOS [20 60 ]
SETPOS [20 20]

Ifusing Nimbus Logo students can draw the pentagon
like this:

cs
line [20 20] [60 20 ] pc
line [60 20] [60 60] pc
line [60 60 ] [40 80] pc
line [40 80] [20 60 ] pc
line [20 60] [20 20 ] pc

Shapes defined by sides matrices, as in question 8, can
be drawn with BASIC using the command PLOT. This
is how the square of question 8 can be drawn:

tv[lD[,; 1
IVOVE 300,5(JU (to move to il su i t ablo p lar:o to s t ar t )
PLOr 1,300.100
PLOT 1.-100.l00
PLOT 1.-JOO.-IlJU
PIDr 1. too. -300
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Shapes defined by sides, matrices, as in question 8, can
also be drawn with Logo if the following procedure is
used.

For the BBC or Archimedes

TO VECTOR :SIDE
MAKE "X 100 * (FIRST :SIDE)
MAKE "Y 100 * (LAST :SIDE)
SETPOS (LIST XCOR + :X yeOR + :Y)
END .

For the Nimbus

vector :side
make 'x 20 * (first :side)
make 'y 20 * (last :side)
line pos (xeor + :x) && (yeor + :y) pc
setpos (xeor + :x) && (yeor + :y)

Whatever make ofmachine you are using, the square
of question 8 can now be drawn by typing the
following:

VECIDR [3 1] VECIDR [-1 3] VECIDR [-3 -1] VEC1DR [1 -3]

oSECTION A: ANSWERS

1 (a) Rhombus (b) Isosceles trapezium (c) Square
2 (a) 6,2 (b) 4,5 (c) 3,1
3 (a)-1 (b)6or-4 (c)3 (d)4,9,-lorO

6 (a) (-4 ° 4 0) (b) (-2 -2 2 2)° 4 ° -4 -2 2 2 -2
(c) (i) (-2 ° 2 0) (ii) (-1 -1 1 1)° 2 ° -2 -1 1 1 -1

(iii) (-1 ° 1 0) (iv) (-0.5 -0.5 0.5 0.5)
o 1 0 -1 -0.5 0.5 0.5 -0.5

7 (a) ( 4 7 10) (b) (i) (7 5.5 8.5)
10 4 13 11.5 7 8.5

(ii) ( 7.75 6.25 7 ) (iii) (7.38 7 6.63)
10 9.25 7.75 8.88 9.63 8.5

(iv) (7 7.19 6.81) (v) (6.91 7.09 7 )
8.69 9.25 9.06 8.88 8.97 9.16

(vi) (6.95 7 7.05)
9.01 8.92 9.06

(c) Triangle becomes a point at (7,9).
8 (a) (i) vTO (ii) 10 (b) Isosceles (c) (i) Parallelogram

(ii) Trapezium (iii) Rhombus
9 (a) (i) Equilateral triangle, side length 100

(ii) Rectangle, side lengths 100and 50
(iii) Equilateral trapezium, side lengths 300,200,
100,angle 60° (b) 200

11 (a) Make stem ofT shorter or cross bits ofT longer,
e.g. by having FD 100BK 200FD 100as fourth line
(b) Several answers possible, but need
trigonometry to do 'theoretically'.

12 Answers given assume the orientation implied on
the page



(a) (ii}{20 14.1 -20 -14.1} 10
o 14.1 0 -14.1

(b) (ii){17.3 -17.3 0 } 1110 10 -20
13 (a) (i){40 -40 O}

o 30 -30
(ii) One possible procedure is 12

FD30
RT 127 13
FD50
RT 143 14
FD40
RT90 15

(b) (i){20 40 -40 -20}
16

20 -20 -20 20

(ii) One possible procedure is
REPEAT 2 [FD 28.3 RT 72 FD 44.7 RT 127J

14 Possible procedures are
(a) FD 58.5 (b) FD 20

RT 140 RT 120
FD 58.5 FD 20
RT 110 RT45
FD40 FD40
RT 110 RT 151

FD40
RT45

15 (a) Missing side 70, angles 82,38 (b) Missing side
127, angles 29,21 (c) Angles 120, 32, 28
(d) Angles 78, 44, 57 (e) Angles 86,81, 73

16 Assume side length 100. Lengths ofdiagonals are
162.

SECTION B:ANSWERS

1 (a)(266 42) (b) (-222 0-2)
559119 55911 9

(c) (6 10 10 8 6)
-4 -4 0 2 0

2 Typical answer is (1179 1279 1179 1079)
623 823 1023 823

3 One possible answer is (200 800 600 200)
100 100 500 500

5 (a) (1 5 3 1) (b) (1 - 3 - 1 1)
12 10 8 8 4 6 8 8

(c) ( 7 5 3 3)
10 6 8 10

6 (a) (1 13 7 1) (b) (-7 5 - 1 -7 )
4 10 16 16 0 6 12 12

7 (a) (9 5 7 9) (b) (1 -1 -3 -3)
8644 4864

8 (a) ( 7 3 5 7'\ (b) (i) (1 5 7 7 3 81)
10 8 6 6) 4 6 6 10 8

(ii)Many possibilities

(a) Yes; change the heading ofthe turtle before
you start (b) No (c) Yes; change the position of
the turtle before you start (d) No
(a) (-4 -4 -4) (b) No

2 2 2
(c) Yes; need more columns.
(a) (x, y) --,) (x, -y) (b) (x, y) --,) (-x, y) (c) (x, y) --,) (y, x)
(d)(x,y)--') (-y, -x)
(a)(x, y) --,) (- x, -y) (b )(x, y) --,) ( -y, x)
(c) (x, y) --,) (y, -x)
(a) (x, y) --,) (2x, 2y) (b) (x, y) --,) (-3x, -3y)
(c) (x, y) --,) (kx, ky)
(a) (x, y) --,) (x+ 2y, y) (b) (x, y) --,) (x, 2x+ y)
(a) Enlargement, centre origin, scale factor 3
(b) Half turn about origin (or enlargement, scale
factor -1) (c) Rotation, centre origin, quarter
turn anticlockwise (d) Shear, invariant line y-
axis, factor 3 (e) Reflection in x-axis (f) Reflection
in y = x (g) Stretch, invariant line y-axis, scale
factor 2.

17 (a) ( 0 -1) (b) (4 0) (c) (-2 0)
-1 0 0 1 0 -2

(d) (0.5 -0.87) (e) (0 -2)
0.87 0.5 2 0

18 (a) Reflection in line AB (b) Translation with
vector (-34) (c) Rotation 60°clockwise about C
(d) Enlargement, centre D, scale factor -0.5
(e) Shear, factor -2, invariant line EF.

19 (a) Translation with vector (-1 -7) (b) Half-turn
about B (c) Clockwise rotation of60°about D
(d) Translation, direction 45°to EF, distance 2 x
length ofEF (e) Reflection in line at 45°to GH
(through G) (f) Enlargement with scale factor 6
through a different point.

FURTHER COURSEWORK TASKS

~--------------.~
There are some easier questions about
combined transformations in Review
Exercise 49 on page 268.

A wider exploration of the effect of
combining two or more transformations
would make a suitable Further
Coursework Task.

~--------------------------~
The suggestion above is made at the end ofSection B.
Some students will benefit greatly from being able to
use a transformations program (such as Geomat or
Moves) on a computer. Others might want to pursue
the task entirely by producing accurate drawings and
rough sketches. The ideas in question 19ofSection B
will help students to get started. The statements made
in this question are specific: students should be able to
make more general statements, and to prove them in

133



some cases. Results that might be obtained include
the following.

A translation (~) followed by a translation (~)

is a translation ( a + c\.
b + d)

Successive reflections in two parallel lines a
distance d apart produce a translation through 2d at
right angles to the lines ofreflection.

Successive reflections in lines intersecting in an
angle a produce a rotation through 2a about the point
ofintersection.

Successive rotations through a and b about the
same point produce a rotation through a + b about
that point.

Successive enlargements with the same centre and
with scale factors a and b produce an enlargement
with the same centre and scale factor abo

Successive rotations about different points produce
in general a rotation. (Exceptionally they produce a
translation, if the total angle turned through is a
multiple of360. A special case of this is that two half-
turn rotations about different points produce a
translation through twice the distance between the
points.)

Successive enlargements with two different centres
produce in general an enlargement about a third
centre. (Exceptionally they produce a translation, if
the product ofthe scale factors is 1.)

Students might be able to describe constructions for
finding the centres in the last two cases above. They
might also consider other combinations: reflections
with rotations, or translations, or enlargements;
enlargements with rotations, or translations; and
perhaps also stretches with stretches and shears with
shears.

I) Use Logo to make some symmetrical designs on the computer screen

m The Logo you are using might allow you to use several turtles at once. If
~ so, you might want to use several turtles to create your design.

Write-ups ofthis task should contain Logo codeand
print-outs.

Students should describe the process they go
through to produce the finished drawings and include
code (and perhaps print-outs) demonstrating initial
errors. It is easy when using Logo to get pleasing and
apparently impressive designs by accident. Soprint-
outs unsupported by codeand explanations are of
little value. Students need to demonstrate that they
are in control of the situations: in other words, that
they know how to vary their code slightly to produce
other patterns of a similar type which they could
specify in advance.

Multiple turtles, if available, can be used to vary the
challenge.

2) Investigate how to draw tessellations of various kinds on the computer's
screen.

fiiiIl You can use Logo or BASIC. Alternatively, you can use Tilekitor another
~ tiling package.
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There are many ways ofcreating tessellations (see
Chapter 6). This task focuses on the use ofa computer.
As with FCT 1,write-ups should describe the process
students go through to produce the tessellations and,
ifLogo is used, include the appropriate code.There is
an opportunity for students to demonstrate their
grasp ofconcepts concerning angles round a point,
interior and exterior angles ofpolygons, and perhaps
also the ability to look at all possibilities within given
constraints.

You might want to start by restricting yourselfto matrices of a particular
type. For example, you could look at matrices where all four numbers are
either 1 or O. Or where all four numbers are either 1, -lor O.

3) The matrix

produces an enlargement with scale factor 2, and the matrix

produces a shear with the x-axis as the invariant line.

Use a transformations program on a computer to investigate the
transformations produced by different matrices.

This task is hard work unless a computer program
such as Geomat is used. Geomat is better than Moves
for this task because it allows the user to specify a
matrix and then indicates the transformation the
matrix produces.

Students need to be strongly encouraged to start
with matrices ofa particular type, such as those
consisting ofOsand Is as suggested in the task. The
alternative, typing in four numbers more or less at
random, is unlikely to give students a feel for what is
going on. There are many different things that
students can find out: some ofthese are hinted at in
questions 16 and 17ofSection B.

Some students might want to look at the matrices of
combined transformations (and combine this task
with the task suggested at the end ofSection B). Such
students might then look at some ofthe properties of



matrix multiplication which are relevant to this
context.

4) When you draw a polygon with Logo you usually start from a corner.
This makes it hard to create patterns like these:•'oea
£

You might also want to explore other issues. When do different shapes in
the pattern overlap? Can you make a pattern in which the shapes touch
each other?

This task is similar to FCT 1, but a particular focus
has been suggested: nested polygons.

It is clearly not important that students work at the
focus exactly as suggested: they might want to specify
their own goals.

As with FCT 1, write-ups should describe the
process students go through to produce their patterns
and include the appropriate code.

5) Some computer robots can recognise the shapes of objects. Here is one
way they can do this.

Figure 3 shows a robot 'looking' at a cube 'face on'.

The robot fires lasers at 1 centimetre intervals horizontally and
vertically, and these tell it how far away different points on the cube's
surface are

lliJ..
what the

robot sees

- -- --- - --- - - - -- --.
plan view

Because the cube is 'face on', all the points are the same distance (10 em)
from the robot's front. So the robot records what it sees like this.

10 10 10 10 10 10) ;~~jjj10 10 10 10 10 10
10 10 10 10 10 10
10 10 10 10 10 10
10 10 10 10 10 10
10 10 10 10 10 10

Figure 4

Figure 4 shows the robot looking at the cube after it has been rotated a bit
about a vertical axis.

Investigate what the robot sees when the cube is rotated about a vertical
and a horizontal axis.

The front edge of the cube is still 10 em from the robot.

R
o
B
o
T

what the
robot sees

This time the robot records what it sees like this.

14 12 10 10.5 II 11.5 12
14 12 10 10.5 II 11.5 12
14 12 10 10.5 II 11.5 12
14 12 10 10.5 II I 1.5 12
14 12 10 10.5 II 11.5 12
14 12 10 10.5 II 11.5 12

Investigate what the robot sees when the cube is rotated by different
amounts.

You might find it helpful to make plan views on squared paper, or to use
trigonometry.

The I5-minute TV programme 'Mathematics and
Robotics' would make a good introduction to this
project. Most students will probably want to work
with an actual cube, at least initially.

This task suits students working at a wide range of
different levels. Some students can keep their cube
with one face flat on the table, and can obtain matrices
by drawing and measuring. The cube can be
translated as well as being rotated. Their write-ups
could illustrate each position of the cube by the use of
two drawings (as in the Student's Book): what the
robot sees, and a plan view.

Some students will be able to calculate the matrices,
using trigonometry. Turning the cube about a
horizontal axis instead of a vertical axis is not too
complicated if you start with the robot looking directly
at a face of the cube and rotate the cube about a
horizontal axis which is either perpendicular to or
parallel to that face.

If, on the other hand, you start with the robot looking
at a vertical edge of the cube and rotate about a
horizontal axis as shown below, the situation is more
complicated. It is an ambitious exercise in 3-D
trigonometry to calculate the matrix for the position
where what the robot sees has 3-fold symmetry. (It is
not impossible if you consider the geometry of the
tetrahedron whose vertices are the nearest four
vertices of the cube.)
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6) Equilateral triangles are easy to draw using Logo. This is because you
can use whole numbers for all six ofthe quantities: the three sides andoR, the three angles.

There are no other triangles for which all three sides and all three angles
are whole numbers.

Investigate ways in which four or more of the quantities can be whole
numbers. ,,~L

40 55

One way in which this can happen is for one angle ofthe triangle to be 60°
or 120°, and for the sides all to be integers. You could use the cosine rule
with a spreadsheet to help you find triangles of this type.

30

You might find it helpful to refer to question 11 on page 153 of Book 4 of
this series.

This task provides the opportunity to make use of
Pythagoras' theorem and also trigonometry,
including the sine and cosine rules.

There is an infinite number ofright-angled
triangles with three sides which are integers. Suitable
sets of sides can be found by trial and improvement.
Alternatively, the formulae

give the sides ofright-angled triangles for any values
ofmandn.

The cosine formula can be used to obtain the third
side ofa triangle with an angle of60°or 120°.In the
first case, if the sides next to the 60°angle are 0 and b,
the third side is 02 + b2 - ob. Students can set up the
program Spread or a spreadsheet to help them
investigate which values of0 and b give an integer
value for the third side.

The easiest way to arrange for four ofthe quantities
involved to be integers is to specify three angles and a
side. If two of those three angles are equal it is
straightforward to ensure that five ofthe quantities
are integers. As stated in the question, the only way to
make all six quantities integers is to make the
triangle equilateral. This is because 60°is the only
integer angle between 0°and 90°whose cosine is
rational.

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 3
Doing this task as a piece ofcoursework helps
students to understand more fully the difficult ideas
introduced in questions 15onwards in Section B. In
the following extracts the students used Geomat to
help them.

In the first extract the student is working out the
significance ofthe value ofk in the matrix

He can 'work methodically, checking information
(NATl/8a) and 'define and reason' (NATl/8b).

3

2.
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The followingextract illustrates the difficulties
students facewhen describing the transformations
that relate to given matrices, even when apparently
simple matrices are chosen.
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In this final extract the student has made
commendable use ofSection B to help her choose a set
ofmatrices which are likely to lead her to a successful
classification ofthe transformations. She first uses
particular examples, noting their effect on a triangle.
She then generalises her results, summarising them
in a table. She can 'design, plan and carry through a
mathematical task to a successful conclusion'
(NATlIIObl), 'give definitions which are sufficient or
minimal' (NATlIIOal), 'use symbolisation with
confidence' (NATlIIOa2) and 'explore mathematics
which has not been taught' (NATlIIOb2).
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Relevant Review
Exercises

National Curriculum
Statements

Questions in Sections

Further
Coursework Tasks

C27
C3
C3
C3
C40
C41

Section
NAT1; ~/4d2; 217b1;2/5c1; 2/6c; 2/8c;3/6a1;
4I7dl;4/9a4; 4/6b4; 4/6b3; 417c;4/8b

Section'B
NATl;2/4a1; 217b2;2/4a2; 2/4d2; 217a;3/6a1; 317a2;3/8a1; 3/10b;
3/8c1;tj/7c; 4/8b

neutral: 1, 2,3
easier:
more difficult: 4, 5

INTRODUCTION TO THE TASK: HINTS

Students can work individually or in small groups,
and enjoy competing to see who can get the biggest
volume. Chick peas or black-eye beans are accurate
enough and less messy than rice or peas. If there are
sinks nearby it might be easier to use water to test the
result. The paper holds out long enough.

Folding an A4 sheet in half and joining it together
with adhesive tape or staples to make a 'chip bag'
produces a container with a capacity ofapproximately
1 litre. 'Cones' are tricky because the tops tend not to
join up neatly and you get different results depending
on whether you use water or a dry material. (For a
'cone' a capacity ofabout 700 em" can be obtained
using water and about 1000 em" using beans). Some
students will be able to followup the practical
approach with calculations ofthe capacities of
cuboids, cylinders, cones and other shapes that can be
made. Hence the task is suitable for students working
at all levels .

The activity could conclude with a class discussion.

What are the, 'rules' for measuring capacity? Is biggest
capacity an important criterion? Are other things,
such as the convenience ofthe shape, more important?

SECTION A: ANSWERS
1 (a) Possible rectangles are 9 x 1,8 x 2,7 x 3,

6 x 4, 5 x 5 (b) 25 em"
2 (a) Possible rectangles are 36 x 1, 18 x 2, 12 x 3,

9 x 4,6 x 6 (b)24cm
3 100m2

4 (b) 384 m2 (three lengths of16 and four of12)
(c) Nodifference

5 (a) (ii) 288 m2 (four lengths of 12 and six of8)
(b) (ii) 288 m2 (three lengths of16, two of18 and
one of12)

6 (a)l (b)3 (c)5 (d)5 (e)6

7 I

(a) ~ (d) to(b)~ (c) ~
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8 (a) Diagonal of square is V32 (approximately
5.6) (b) (i) 6 em (diameter) (ii) v'52 em or 7.2 em
(diagonal) (iii) 5 em (hypotenuse) (iv) 10 em
(longest diagonal) (v) 8 cos 30° or 6.9 em (longer
diagonal) (vi) 6 em (both diagonals are 6)

9 (a)(i)1OO(ii)x2+432 (b)6 (c) 144cm2(12 x 12)
x2 x

10 (a) (i) l1Q (ii) 2n r2 + 340 (b) 3 (c) 226 cm2
nr2 r

.~:::
18.8 em

11 (b) (i) Square with side 7.1 em (ii) 64%
12 (a)15.6 cm2 (b) (i) 31.2 cm2 (ii) 36 cm2 (iii) 36 cm2

(c) (i) 24 cm2 (rectangle) (ii) 24 cm2 (two angles are
right-angles)

13 (a)(i)~(ii)tnr2~ (b) 50.4 em", when
r= 4.08cm

14 (a)(i) 16sinA(I + cosA) (ii) 60° (b)(i) 9 sinA(2 + cosA)
(ii) 68.5° (c) (a) is better (20.8 compared to 19.8)

SECTION B:ANSWERS •1 (a)9931 (b)1399 (c)1,2,7
2 (a)1024 (b)9801
3 (a) 24.12 (b) 18.9 (c) 121.04 (d) 62.96
4 (a) 111111111 (b) 6210 (c) 18 (d) Impossible
5 (a) 16 (b) 56.25 (c) (~) 2

6 (a) 125 (b) 296.3 (c) (~r
7 (a) 3164.06 (b) (~J
8 (~J
9 (a) 81 (3 x 3 x 3 x 3) (b) 6.25 (2.5 x 2.5)

(c) 172.1 (2.85)

10 (b) x = 0.5 is a line of symmetry (c) -0.25
11 (b) Half-turn symmetry about (1,0) (c) 0.38 (when

x = 0.42) (d) No, because the symmetry does not
help to locate the maximum

12 (b) x = 1.5 is a line of symmetry (c) -1.0 (when x =
0.38) (d) 0.6 (when x = 1.5) (e) Symmetry helps
with (d) But not (c)

13 (a)(i) 3 (ii) 16 (iii) -5 (iv) 3.75 (v) 5
14 (a) VI 00+X2 + v'1 00+( 10-x? (b) 7

2v v
(c) sini = 0.573, sinr = 0.287

15 (a) (i) 2,3,5 (ii) 4, 9, 25 (iii) 6, 8,10 (iv) 16,81,625
(b) (i) 2, 3, 5 (ii) 22, 32, 52 (iii) 2 x 3,23,2 x 5 (iv) 24,

34,54 (c) (i) 997 (ii) 961 (iii) 998 (iv) 625
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FURTHER COURSEWORK TASKS
I) Questions 4 and 5 of Section A were about enclosing equal rectangular

areas with a fixed length offencing.•
3 equal areas 3 equal areas

Explore the situations described in these questions more fully.

Ifthe rectangular area is to be divided into four pieces of equal area,
several different arrangements are possible. Here are two of them.

4 equal areas 4 equal areas

Explore the possibilities for each arrangement. What is the maximum
total area which can be enclosed for a fixed length offencing?

What if a different arrangement offour pieces is used? What if there are
five pieces? Six pieces? ...

Most students will want to specify a specific length of
fencing, so that they can use trial and improvement to
find the maximum areas. 96 metres, which is
suggested in questions 4 and 5 in Section A, is a good
length to choose. Spread or a spreadsheet could be
used for this task. It is not a trivial task to find any
arrangement to give 4 or 5 pieces of equal area, let
alone the maximum.

In the answers that follow it is assumed that the
length of fencing is L.

The (total) maximum area when there are two
pieces of equal area is L2.

24

When there are three pieces of equal area there are
two arrangements.

ITJJt
L~•••--- ---~a.
4

L
8

L
i-----r---1 16

Maximum area = L 2

32

.--.!:..~
4

Maximum area = L!.
32



When there are four pieces of equal area there are four
(essentially different) arrangements.

EBI.-1.-.
6

Maximum area = C.
24

ITE~
L L L

20 20 10

Maximum area = C.
40

I 1 1 1 I; EED;t2~
28••

.•••4111--- L .~
4

~1.-.
6

Maxim urn area = C.
42

Maximum area = C.
40

When there are five pieces there are seven different
arrangements.

2) Four equal squares are cut
from the four corners of a W------------------~ trectangle 24 em long

!and 15 em wide. , , I
: IScm

: : I' ,

The rectangle is then folded to n-------------------r~
make a box.

Find, by trial and improvement, +-~--~ 24cm --------------.
what size the square should be so
that the volume of the box
is as large as possible.

Do the same task for rectangles of other sizes.

What is the largest box that can be made from a sheet of A4 paper?

Many students find it helpful at first to actually cut
the pieces out and make the box. This helps them to
visualise what is happening. Once they have done this
a couple of times they can manage without.

Spread or a spreadsheet can be used for this task.
Alternatively, students could plot the graph of, for
example,

y = x (24 - 2x) ( 15 - 2x)

and find out where the maximum is.
Some students will need reminding that the answer

is not necessarily a whole number.
For a rectangle measuring 24 em by 15 em,

removing squares of side 3 em produces the maximum
volume of 486 em". For a sheet of A4 paper (29.73 em
by 21.02 em theoretically) squares of side 4.05 em
should be removed (4 em is a reasonable
approximation) .

The maximum volume for a rectangle with
dimensions m and n is achieved by removing squares of
side

(m+n) - \1m2 -mn+n2

6

Obviously students will not come up with this general
result, which requires the use of calculus to derive. It
is given here to make it easier for you to check
students' results.

If students look at squares instead of rectangles it is
much easier to spot the result that the maximum
volume is obtained by removing four squares with sidet of the side of starting square.

The rectangle case does not produce a tidy result.
What it does offer students is the opportunity to sort
out how they are going to work, use trial and
improvement and to consolidate work on volume and
algebra .

3) Design a container which will hold 4 tennis balls. Make the surface area
of the container as small as possible.

Try the same task for different numbers of tennis balls.

This needs to be tackled practically, at least initially.
Measuring just one tennis ball is not enough. Putting
four in a row might need more room than four times
the diameter of one ball. Obvious shapes to use for the
box are cylinder and cuboids, but prisms with
triangular or hexagonal sections could be used.
Students could also consider a tetrahedral box.

Some students might want to concentrate on
working largely experimentally and making one
container well from card. Others will prefer to do a
variety of mock-ups and then concentrate on
calculating the results rather than on making the
containers. (Some students are capable ofworking
theoretically with little experimentation. Others can
work theoretically after they have created some mock-
ups which help them to visualise what is required.)

As well as looking at surface area of containers
students can also consider the percentage of space
'wasted'. This provides an opportunity for students to
demonstrate their skills with harder mensuration.

Students' write-ups can include sketches of nets,
might include actual models, and can obviously show
any calculations of surface areas and volumes.

A tennis ball has a diameter of somewhat less than
7 em. Allowing 7 em probably means that the balls
will fit into the container designed.

On this assumption the surface area of a suitable
cylinder (r = 3.5 em, h = 28 em) is about 690 cm2. The
volume of one tennis ball is about 180 em". About 33%
of space is 'wasted' because the volume of the cylinder
is about 1080 em",

The surface area of a square-based box (14 em by
14 em by 7 em) is about 784 cm''. About 48% of
space is 'wasted'.

The surface area of a tetrahedron (edge length
24.1 em) is 1009 crrr'. About 57% of space is 'wasted'.
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4) FIgure 4 shows 7 circles fitted into a rectangle.
Each circle has a radius of3 ern and the circles ~
do not overlap.

What is the smallest possible area for a rectang::::t:
which you can fit 2 circles? 3 circles? 4 circles? ...

We regard this task as a harder coursework task,
because working experimentally does not seem to
produce accurate enough results. Consequently,
students need skills with trigonometry to calculate
results. Students need to realise that two
arrangements need to be considered: where the
centres form a square grid, and where they form an
isometric grid. This links with question 8 in Review
Exercise A14, Sines and cosines, in Book 4.

The task only becomes really challenging if a large
number ofcircles are considered. One way of
refocusing this task is to look at the smallest number
ofcircles (or rows) needed before a triangular grid is
more efficient than a square grid.

5) Question 14 of Section A was about a channel made by bending a strip of
metal 12 inches wide.

Investigate different ways of ben ding the metal to make a channel.
Compare the cross-sections of several channels.

Try to make the cross-section ofthe channel as large as possible.

This task provides a goodopportunity for students to
use spreadsheets (or Spread) or alternatively a
graphical calculator or graph-drawing program on a
computer. Students can obtain a graph to get a rough
idea ofwhat is happening and then 'home in' using
trial and improvement (or else zoom in on the graph).

Students can invent their own constraints (two
bends, three bends, four bends, keep it symmetrical,
make one angle twice another, etc.). The piece ofwork
included in the next section shows the way one
student developed his work on the task.

A semicircular cross-section is maximal (about
22.9 square inches for a strip 12 inches wide). But do
not nudge students towards this result initially, or
perhaps at all. It is far more profitable for students to
devise their own sub-tasks and these should give them
the opportunity to demonstrate ability in several
areas, including the use ofnew technology, algebra,
trigonometry and trigonometric graphs.

ASSESSING STUDENTS' COURSEWORK TASKS

Further Coursework Task 2
There are many different ways oftackling this
problem, depending on the mathematical skills and
knowledge ofthe student.

In the following extract the student is finding the
maximum volume you can get for a 20 em by 15 em
rectangle. She starts with squares with integer sides,
and then homes in on a more accurate answer. She has
done all her calculations using a four-function
calculator. This means that progress was relatively
slow, and it was difficult to generate enough data to
make any generalisations. Nevertheless, she can
'work methodically in an agreed structure' and 'use
"trial and improvement" methods' (NAT1I7a).
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In this final extract a student is attempting to find a
way ofworking out the maximum volume for a
rectangle with dimensions A and B. It is not correct
and her use ofalgebra is clumsy. However, she has
attempted to use algebraic symbolism in order to
generalise her results. She can 'review progress'
(NAT1I7a) and 'follow a chain ofmathematical
reasoning' (NATll7c),
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Further Coursework Task 3
Like FCT 2, this task can also be tackled in many
different ways depending on the knowledge-and skills
of the student. The following is the complete account
by a student of how he made a mock-up paper
container, using a practical approach. He can 'devise a
mathematical task; work methodically within an
agreed structure; use judgement in the use of given
information; use "trial and improvement" methods;
review progress' (NAT1I7a).
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In the following extract the student is considering a
container in the shape of an equilateral triangular
prism. He obtains the linear dimensions
experimentally, and then uses his mathematical skill
to work out the volume and surface area of his
container. Earlier in his account he calculated the
volume of four tennis balls, and he uses this fact again
here to work out the volume of his container which is
wasted. This prism was the third shape he considered.
Earlier he looked at a square-based prism and a
cylinder. He concludes that the cylinder is the most
efficient container to make. He can 'devise a
mathematical task and make a detailed plan of the
work; work methodically, checking information;
consider whether the results are of the right order'
(NAT1I8a).
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Further Coursework Task 5

The following piece ofwork is reproduced in full to
show what can be achieved. This student uses his
graphical calculator. He employs symbolisation to
good effect. He could have made more effective use of
his graphical calculator to obtain more accurate
answers at each stage, but his attention was focused
on finding the maximum cross-sectional area for an
arbitrary number ofbends. He devises the interesting
method of increasing the number ofbends and thus
comes to realise that the semicircle is the shape which
maximises the cross-section. He can 'design, plan and
carry through a mathematical task to a successful
conclusion' (NATlIIObl), 'use symbolisation with
confidence' (NATlIIOa2) and 'explore mathematics
which has not been taught' (NATlIIOb2).
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RUNNING THE
COMPUTER PROGRAMS
A disc of 5 programs can be obtained for use with Task
Maths at Key Stage 4 (Books 4 and 5). The disc can be
purchased in one of three versions:

• a disc for the BBC B or BBC Master
• a disc for the RM Nimbus
• a disc for the Archimedes
It is suggested that you make a back-up copy of the
disc.

To start the BBC disc, put it in drive o. Then hold
down the SHIFT key with one finger and tap the
BREAK key with another.

Before using the Nimbus disc you need to boot the
system in the usual way, using your own system disc.
Then place the disc in drive A and type RUN, and then
press the RETURN (or ENTER) key.

To start the Archimedes disc, put it in drive o. Then
hold down the SHIFT key with one finger and tap the
BREAK key with another. If this does not work, hold
down the CTRL key with one finger and tap the
BREAK key with another. (If this does not work, the
Archimedes you are using has been set to start in a
non-standard way. Seek advice about resetting the
Archimedes.)

None of the programs on the Task Maths disc use
files. This means that it should be possible to use them
on a network if this is desired.

When you start the disc as described above you will
see a Menu on the screen, listing the five programs on
the disc. These are

A Recurring decimals
B Circle patterns
C Spread
D Tilekit
E Estimating time
To obtain one of the programs press the

corresponding letter.
The rest of this section provides detailed notes about

the use of each of the five programs. These notes
include a sample use of'theprogram, which are
written for use at the keyboard to help you try the
program out,

1Recurring decimals
This is a straightforward program, used to find the
exact decimal representation of any fraction. The title
page explains how to use it.

Here is a sample use of ,Recurring decimals'. What
you type is in boxes. You press RETURN (or ENTER)
at the end of each line entered.
TOP?~
BOTTOM? ~
0.75
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TOP?iI
BOTTOM? I]
2.5

TOP?~
BOTTOM? [iJ
0.<142857>

TOP? Ii
BOTTOM? [iJ
0.<285714>

TOP? I
BOTTOM?
0.<076923>

TOP?
BOTTOM?
0.00<7>

TOP? 1
BOTTOM?
0.<0204081632653061224489795918367346938
77551>

TOP? !I
BOTTOM? 11I'G'~;1l\,G.~\l1iII

0.0<1176470588235924>
As you can see from the sample use given above,
expressions can be entered for TOP and BOTTOM as
well as numbers.

To finish the program, press the ESCAPE (ESC)
key. This will return you to the menu.

2Circle patterns
This program allows you to create on the computer's
screen patterns formed by joining points on the
circumference of a circle. Such patterns can be created
more quickly with a computer than with pencil and
paper.

Here is a sample use of 'Circlepatterns'. What you type
is in boxes. You press RETURN at the end ofeach line
entered.

: INtIMBERI
Number of points? ~

: IgutEl
Rule: N ~ I'B~8'1
:00

The computer draws the pattern.

Rule:N ~

: IFRESH:I



The computer clears the screen.

dB The computer clears the screen.

Rule:N ~
The computer draws the pattern.

The computer adds to the pattern on the screen.
The computer prints the pattern, provided that an
Epson-compatible printer is attached. This command
is not available on the Nimbus version.

The key words illustrated by the sample use above
are NUMBER, RULE, GO, FRESH, CHAIN, NOT
CHAIN, and PRINT. Each of them (except GO) can
be abbreviated to the first three letters.

Thus you can type NUM instead ofNUMBER.
To interrupt the drawing of a pattern on the screen

before it is complete, press the ESCAPE (ESC) key.
To finish the program, type END and press the

RETURN key. This will return you to the menu.

Number ofpoints? II

Rule:N~

The computer clears the screen.

:~
The computer draws the pattern.

: !~tptml
Rule: N ~ !N+3!

: I'"ESHI
The computer clears the screen.

: r~~]
The computer draws the pattern.

3 Spread
This program allows you to create a table ofnumbers
on the screen. The numbers in the table can be entered
individually, or in a block, or using a formula.

Here is a sample use of 'Spread'. What you type is in
boxes.

First, press IBI ,as instructed on the screen, to start
the program.

» II
»Enter
Please type number:
The computer enters the number 6 into the table at
the position shown by the red cursor.

Now use the arrow keys to move the red cursor to a
different position.

»11
»Enter
Please type number: 1,""l!~..5~8Bi:qQN>I
The computer enters the number -17.5 into the table
at the position shown by the cursor.

Now use the arrow keys to move the cursor back
onto column A.

»IJ
> > Enter a block ofvalues

The computer clears the screen.
: !,CHA-INI
Start ofChain? [g]
: IG~!

The computer draws the pattern.
: ICMA-INrl
Start ofChain? m
:00

The computer adds to the pattern.
: INOT C'HAI:N!
: INUMB'ERI

Number ofpoints? ~

:IRULEI
Rule: N ~ 12N'+Ui!

Rule:N~

The computer enters the numbers 1, 3, 5, 7 and 9 into
columnA.

Now use the arrow keys to move the cursor onto
columnB.

» rnJ
»Enter a block ofvalues
First number: 14<RETURN> I

The computer clears the screen.
~:~

The computer draws the pattern.
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The computer enters the numbers 4 into all rows of
columnB.
» [Q]
»Columns
Now many columns?
The computer displays four columns labelled A, B, C
andD.

»~
»Name
Give the column a new name:
The computer renames column A as column L.

Now use the arrow keys to move cursor onto
columnC.

»~
»Name
Give the column a new name:
The computer renames column C as column AREA.
Now use the arrow keys to move the cursor onto column D.

»~
»Name
Give the column a new name:
The computer renames column D as column PERIM.

Now move the cursor onto column AREA.

»~
»Formula
FORMULAAREA= ~~
The computer uses the formula to change the entries
in column AREA.

Now move the cursor onto column PERIM.

»~
»Formula
FORMULAPERIM=
The computer uses the formula to change the entries
in column PERIM.

Now use the arrow keys to move the cursor onto
columnB.

»~
> > Enter a block ofvalues

~~

Step:

The computer enters the numbers 8, 7, 6, 5 and 4 into
columnB.

» til
The computer updates the entries in columns AREA
and PERIM, using the formulae for these columns.
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»~
»Rows

How many rows? I10<RETURN > I
The computer displays ten rows.

»~
»Save

Name offile: I:HB~T~fBtJTllJitH>1
The computer saves the table onto the disc, using the
nameRECT.

The table can subsequently be retrieved from the
disc as follows:

»~
»Load

Name offile: ==-.:::;......:

If you press ~ the computer displays a list of options.
Most of these have been illustrated in the sample use
given above. You can experiment with the others for
yourself.

You finish the program as follows:
» [§I
» Quit
Are you sure (YIN)? 00
This returns you to the menu.

4 Tilekit
This program allows you to create tessellations on the
computer's screen. Tessellations can often be created
more quickly with a computer than with pencil and
paper.

Here is a sample use of 'Tile kit'. You type only the
first letter of each word. The RETURN key is never
used with 'Tilekit'.

Next: flig iiIIexagon
Next: flig lIIJ~xagon
Next: fiig lli)exagon
Next: lIound

xagon
Next: ound
Next: ~ig gexagon
Next: ~ove Iilound
Next: Illig exagon
Next: [MJovelBlound
Next: lBIove lBlound
Next: Illig lliexagon
Next: ~ew picture



Next: \1!]ig[Q]ctagon
Next: \1!]ig[g]ctagon
Next: \1!]ig[§Jquare
Next: [Mlove[i/ound
Next: \1!]ig[Q]ctagon
Next: ~reate program
Are you sure (YIN)? 00
Next: ~oop [§]
Next: rmig [Q]ctagon
Next: ~nd loop
Next: ~nd program
(press spacebar)
Next:~o
Next: ~reate program
Are you sure (YIN)? 00
Next: ~oop [i]
Next: [§Jmall !i:tquare
Next: [Mlove ound
Next: [§Jmall ~riangle
Next: ~nd loop
Next: [lnd program
(press spacebar)
Next: ~o
Next: [Mlove[i/ound
Next: [2;]0
Next: [Mlove[i/ound
Next: ~o

These are the shapes that can be drawn using 'Tilekit'.

~ig [§Jquare rmig [TIriangle rmig Ir]entagon
~ig [Hjexagon ~ig [Q]ctagon ig

~odecagon
[§Jmall [§Jquare [§Jmall [TIriangle [§Jmall

~entagon

[§Jmall [Hjexagon [§Jmall [Q]ctagon [§Jmall
~odecagon

[i/hombus [!] [i/hombus ~
[Q]blong [!] [Q]blong ~
~arallelogram [!] ~arallelogram ~
Other commands not used in the sample use are:

[MJove[EJorward [MJove~ack [MJove!!!Jidden
[MJove[QJrawn [TIurn [i/ound [TIurn [§Jlightly
~ipeoff

To interrupt the drawing of a pattern on the screen
before it is complete, press the SPACEBAR.

When ~ is typed the computer prints the current
pattern on the screen, provided that an Epson-
compatible printer is attached.

You finish the program as follows:

[EJinish
Are you sure (YIN)? 00
This returns you to the menu.

5 Estimating Time
This is a straightforward program, which allows users
to test how good they are at estimating time. Its use is
self-explanatory. A rectangle is displayed on the
screen for varying lengths of time and the user is
asked to estimate the length of time on each occasion.
After ten tries a table of estimates and actual times is
displayed, which the user can then copy offthe screen.

To finish the program, press the ESCAPE (ESC)
key. This will return you to the menu.
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